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Abstract 

We continue our investigation of the quantum equivalence between commutative and non- 
commutative Chern-Simons theories by computing the complete set of two-loop quantum 
corrections to the correlation function of a pure open Wilson line and an open Wilson line 
with a field strength insertion, on the noncommutative side in a covariant gauge. The con- 
jectured perturbative equivalence between the free commutative theory and the apparently 
interacting noncommutative one requires that the sum of these corrections vanish, and herein 
we exhibit the remarkable cancellations that enforce this. From this computation we spec- 
ulate on the form of a possible all-order result for this simplest nonvanishing correlator of 
gauge invariant observables. 
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1 Introduction 



In PQ Ej it was shown that the Chern-Simons action on a noncommutative spacetime given 
by 



Snccs = ~ / <l :; -r :>""" 



2ig 

An * d p A u 3~^^ * p * h 



with the standard star product 

f(x)*g(x)=e^ d ^f(y)g(z) 

is a fixed-point of the Seiberg-Witten map [3]: 



ax 



(1.2) 
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SF " U = ^^F^-\^{2{F w ,F vrT }^-{A p ,D a F, u + d a F^). (1.3) 

Here D^ip = d^ip - ig[A^ ip]*, and F^ u = d^A v - d u A^ - ig\A^ A u ]*. In particular 

dS NCC s(A) 



0. (1.4) 



This implies that noncommutative and commutative Chern-Simons theories are classically 
equivalent under the Seiberg-Witten map. 1 This is important for two reasons. First, in 
contradistinction to the usual scenario, it identifies an instance where the action on the 
commutative side of the map is known in closed form. Second, because the correlation 
functions of observables in that theory can therefore be computed explicitly (and in the U(l) 
case exactly, in a covariant gauge) , we can test the equivalence of the theories at the quantum 
level by computing the correlation functions of their Seiberg-Witten transforms. 2 In turn this 
first requires us to identify what observables need to be computed on the noncommutative 
side. 

It is well-known jH E] that there are no locally gauge-invariant observables in position 
space in noncommutative gauge theories because gauge transformations act as spacetime 
translations, as a consequence of the basic noncommutative identity 

e ik x * U{x + k6) = U{x) * e ik ' x . (1.5) 

However, it was shown in Ej that a complete set of gauge-invariant observables in non- 
commutative gauge theories which are local in momentum space are provided by the Fourier 

1 This map derives from a disk computation in string theory, and is therefore itself a classical map. 
2 It also gives rise to the puzzle where in the U(l) case the commutative space action is free, whereas the 
noncommutative space action is an apparently interacting theory with a nontrivial coupling constant. 
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transform of open Wilson lines: 

W(k) = Jd 3 xP*exp 
Q(k) = [d 3 xP*exp 
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ig I dak^AJx + £(») 
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ig I dak 11 AJx + f(<x)) 
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where O(x) is any local operator transforming in the adjoint representation. Furthermore, 
a closed form of the Seiberg-Witten map for the case of a U(l) gauge group was exhibited 
in |Hl Ej , which reduces in three dimensions to 



Mk) 
M(k) 



go 12 

O oi (k), 



W{k) - (2vr) 3 5W(fc) 



in a coordinate system where only 9 12 = —9 21 is nonvanishing. Here /^(fc) is the com- 
mutative field strength in momentum space, and O^k) is the open Wilson line with a 
noncommutative field strength insertion at one end: 



Oav{k) = / d 3 x P*exp 



ig / dak" AJx + £(cr)) 



* * e 



ik-x 



1.9) 



This provides the required correspondence between observables on the commutative and 
noncommutative sides, and by computing their correlators, allows us to test the quantum 
equivalence of the two theories. 

On the commutative side, the simplest nonvanishing correlator of gauge invariant observ- 
ables in U(l) Chern Simons theory 3 is the two-point function of fu and foi, and is given 
exactly in momentum space by 



(fl2(k)f 0l (k')) = (27T) 3 k l 5^(k + k'). 



1.10) 



Noncommutative U(l) Chern-Simons theory contains an apparently nontrivial interaction 
with a coupling constant g, and thus the computation on the noncommutative side is at the 
outset nontrivial in a covariant gauge. This is further complicated by the fact that on the 
noncommutative side, we have to compute the correlator of composite objects, which even 
in free commutative theories can be nontrivial. In [15] we computed the Seiberg-Witten 
transform of (jl.lOj) . (W \k)0 '^{k')) , to 0(g 3 ) in the gauge coupling g (i.e. one- loop), and 
found that the 0(g) term reproduced the commutative result while the one-loop or 0(g 3 ) 
contributions either cancelled amongst themselves, or yielded a harmless wavefunction renor- 
malization to the Seiberg-Witten map itself. Herein we proceed to compute the complete 

3 We will focus on the U(l) case in this paper which is of interest in part due to its conjectured relevance 
in the microscopic description fractional quantum Hall fluids |l()l 1111 IT^l 1131 114) . The generalization to the 
U(N) case, which amounts to homogeneous factors of powers of N, is straightforward and was discussed by 
us in [T5) . 
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set of two-loop, 0(g 5 ) contributions to this correlator with the expectation that it receives 
no quantum correction at this order, as required by the conjectured equivalence between the 
two theories. From this computation, and that done previously in [T5j . we will hopefully 
acquire enough insight to conjecture the complete cancellation of quantum corrections to all 
orders in perturbation theory. 

2 Setup 

In the interests of maintaining maximum transparency in this lengthy calculation and em- 
phasizing the essentially algebraic nature of the cancellations present, we will work formally 
and defer discussion of regularization to the end. However we will assume that the point- 
splitting regulator introduced in ^H], and its obvious generalization to handle the inclusion 
of three gauge field sources, or the field strength commutator and two gauge field sources 
can be applied: we assume that all operators on W(k) and 0^ v {k') are separated by a path 
parameter spacing e, so as to ensure that a nonvanishing noncommutative phase is always 
present to regulate the diagrams with respect to the associated loop integration. For the 
graphs we need to explicitly evaluate that involve 'internal' loops, there are also logarith- 
mic divergences coming from the planar parts of those loops that are of the same form 
found in commutative Chern-Simons theories, and which we will assume are regulated in an 
appropriate manner. 

We will also invoke several notational simplifications to prevent the expressions from be- 
coming too unwieldy and to hopefully make the calculation easier to follow. To this end 
we will absorb the homogeneous factor of (2n)~ 3 , the overall momentum conservation delta 
function 5 ( - 3 \k + k') as well as the delta functions expressing momentum conservation at the 
vertices, and the integration measures into a generalized integration symbol when there is no 
ambiguity, with the understanding that all momenta except for k, the momentum carried by 
W(k), and all path parameters are to be integrated over their appropriate ranges. Spacetime 
indices and (initially) momenta will be labelled according to their origin from within the ex- 
pansion of W(k) or O^k'). Thus pij refers to the momentum carried by the zth gauge field 
from the jth Wilson line. Specifically, pn will refer to the momenta of gauge fields on W(k), 
Pi2 to those from O^i^k'), and since we will not require more than two gauge field sources 
from the path-ordered exponential part of Ofj, u (k'), the field strength commutator momenta 
will always be labelled by p 32 and p 42 . Similarly the indices /Ay will always be associated 
with the basic line element k = k6 (and are hence interchangeable within tensor expressions), 
while indices a*, /3j, 7« and respective momenta r^, s 4 are associated with contractions into 
internal vertices. 

We will subsequently re-define or re-label the momenta to a standard set, which will 
make the momentum constraints manifest, homogenize the expressions, and allow us to 
compare diagrams by inspection of the resulting tensor expressions. Thus, throughout the 
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Figure 1: One of three pairs of cancelling graphs, [3.01] and [3.02], with three gauge field 
sources on the pure open Wilson line. 

computation the indices pi, p 2 , ■ ■ ■ p-i will always be associated with momenta k, k — rj, rj, q, q + 
rj,k + q, and k respectively, where rj and q will be our loop integration variables. The 
calculation will be presented without recourse to expanding pairs of antisymmetric symbols 
lacking mutual contracted indices by employing identities presented in the appendix to write 
all final tensor expressions in terms of £ M i, , where a is any of pi...pr, or p,^. The only 
unsummed indices are p,v and the only unintegrated momentum is k. 

We will freely use the fact that in Chern-Simons theory a direct contraction between 
any pair of gauge fields from the Wilson lines themselves vanish in the Landau gauge, as 
do both one-point tadpoles and contributions where the two Wilson lines are disconnected. 
Additionally, since the possible one-loop correction to the Chern-Simons propagator changes 
neither its tensor structure nor its momentum dependence as discussed in jT^j, the two- 
loop contributions involving it are necessarily a repeat of the one-loop calculation presented 
therein, and we will henceforth ignore them. 4 These observations allow us to drastically 
reduce the number of diagrams and contractions we must consider. 

A key a posteriori insight acquired from this calculation is to collect the contributions 
according to the number of gauge field sources on the pure open Wilson line W(k), a fact that 
will be the basis for our all-orders discussion at the end. In any case, the set of cancellations 
we now exhibit at two-loops will be presented in this way. We label all diagrams as [x.yy], 
where x denotes the number of sources on W(k), and yy is a counter. 

3 Contributions from 0(g 3 ) terms in W(k) 

Figure 1 illustrates one of three pairs of diagrams that involve contractions involving three 
gauge field sources from W(k) and no gauge field sources from the path-ordered exponential 
component of O^ik'). Since we will not need to perform the path parameter or the loop 
integrations, it suffices to consider one pair; the other two cases are identical. 
For the graph with two internal vertices we have 

[3.01] = {ig f(-2ig) 2 J P 1 4^4 Wl 5( 3 )( PU +P2i+P3 1 -fe)^ 3 )(P42-fc0e~ i[pil ' 6l+P21 ' e21+p31 " 6l] 

4 Alternatively, as is well-known, the gauge and ghost graphs involved in the one-loop propagator correction 
formally cancel, and the one-loop shift arises from the regulator, so each of these putative contributions at 
two-loops pairwise cancel at the formal level. 
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iy\P^- <\"fi r ^' /"> ^3 V~ft^ <Y\P^ 

x e _ fb2lX(P31 - fc) - mxfc]sin s . n P^iig 3 P2iP 3 i 

P42P11Q3P21P31 

v / „■„ N r r r _ _aia2«3 c-/3i/32/33 

A I 6 F 42 y //itl/piait/Jnp 2 02 t '03P3/3l t At2lP4/32 t A 1 3lP5/33 t fc 

X <5( 3 )(p 4 2+gi)5 (3) (pii+92)<5 (3) (93+'-i)5 (3) (P2i+r-2)<5( 3 )(p3i+r-3) - I/). (3.1) 

To satisfy the momentum constraints define pn — k — rj, P21 = —q, P31 = q + r), p i2 = —k, 
and q% = —rj. Then contracting on P3 using (|A.13|) we obtain 



[3 01] = — 4(? 5 J k> lll kV2lf ( V31 e i[(kxri)cr 11 + (kxq)a21-kx(q+r])a3 1 ] e -l {rjxq+kxr)) 

-in f fc x 3 V.in f 3 x 2 1 fcPl (fc-'?) P2 5 P _ 3 9 P4 (g+'?) P5 p o k c, 

Bim 2 ;sm(, 2 ; fe 2 (i ._^ ) 2 I) 2 5 2 (q+ ^ ) 2 t At3lP2P3 fc P2lP4P5 ft '[P t ^PlMll 

= 4g 5 / ^ 11 ^ 21 ^ 31 e i [( fcx ^) CTll +( fcX9 ) CT21_fex ( 9+ ^) <T31 ] e ~^ , ' xe ' +fc><, '' ) 



Hn f fcXT| Vin l"^^ (fc-'7) P2 '? P3 g P4 ('; + '?) P5 c p F 

SMU-g- jsm t — ; (fc_^) 2 ?) 2 g 2 (q +t) ) 2 t P3lP2P3 £ P2lP4P5 t P^Pll " 

(3.2) 

In the last line we have used (jA.17|) with C = k. 

There are two contractions into the commutator in the second graph: 

[3.02] = -(ig)\-2ig) J k^k^k^5^\ P11 + P21 + Pzl -k)5^\p^^ 

P2 P4 P5 

x c -^P2lX(p 3 l-fc)-p 3 lXfcl c -ip32XW2 o . i nK^wAfefe Pll^lPSl 

PllPllPil 

f P P3 
X 1 ^pilP2P £ ^P3/3l^P2lP4/32 £: P3lP5/33 7i 2 - ,5(3) (Pll+P32)'5 (3) (p21+r2)5 (3) (p31+'-3)<5 (3) (P42+ri) + 



£ PllP2^ £ /ip3/3i e P2lP4/92 e P3lP5/93^ 5(3) (P 11+ P 42 ) 5(3) (P 21 + r2 ) 5(3) (P 31 + r3 ) 5(3) (P 32+r f — {n*^u). 

p 32 J 

(3.3) 

Again define pn — k — rj, P21 = —q, P31 = q + rj. Then contracting on 3 an d using (|A.16J) 
we obtain 

[3 02] = 2ig 5 J k^ 11 fc M21 ^3i e »[(fcxr?)o-ii+(A:xg)g-2i-fcx(g+r?)o-3i] e -^(r;x t ?+A;x??) (k- v )P2^P3^ q P4.( q+v )P5 

Sin(2^) |£^t 11 p2P £ ^P3P31 £: P2lP4P5 e 2 "T £ PllP2^ £ 'PP3P31 £ P2lP4P5 e2 J ~ I A 4 

= — 4 5 / ^PllfeP2l^P3l e »[(fcxr?)o- 1 i + (fcxg)o- 21 -fcx((ji+>y)o-3i] e -^(t;xg+fcx?y) (fc-^)P2^P3 g P4( g + ?7 )P5 

" y (fc-r,) 2 J7 2 q 2 ( 9 + I ,) 2 

sin ( 2j2.)sin ( -J 2 ) £^ 31 p 2 p3 ^P2i P4P5 ^pi/pn 

= -[3.01]. (3.4) 

We note that this cancellation is essentially the same as one of those presented in |15j . 
because only one of the two possible terms survives in the contraction of the two sources on 
W(k) into the same vertex: 

fc PlPAP2 t P2PB/33 t U p 2 PlPAPs"' ' l d -" J y' 
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Figure 2: Diagrams [2.01], [2.02] and [2.03]. The first set of cancelling contributions involving 
two gauge field sources from W(k). 

This mechanism is completely general, and therefore by induction, we can reduce any such 
pairs of graphs with n + 1 sources on W(k), and zero sources from the path-ordered exponen- 
tial part of Ofj, u , to the calculation of the n source case, where n > 2. (For n = 1, there is no 
pairing, and we merely obtain the nonvanishing tree- level result.) We will now see how this 
same mechanism applies to a particular subset of graphs with two sources on W (k) and with 
one source from the path-ordered exponential part of O^, and thereby recover the other 
part of the 0(g 3 ) calculation in [E]. Unfortunately, the story becomes more complicated 
after that because sources from W(k) will attach to distinct vertices. 



4 Contributions from 0(g 2 ) terms in W(k) 

The two gauge field sources on W(k) in the first three diagrams we consider in this section 
connect to the same vertex as shown in figure 2, and so we expect to find a cancellation 
amongst them analogous to that in the previous section and the other part of calculation at 
0(g 3 ) presented in [To] . 

Using (|A.5J) the first of these diagrams is given by 

[2.01] = ^^(-2ig) 2 J P 1 4^4 /W2 5C3) (pil+P21 _ fc)5 (3) (pi2+P42 _ ifc0 e-^i-^ie-i pllXp21 

j- i Pi P9 P% PA Pf> r> n r> 

e -^12-gl2 e - 2 P12 X P 42 sin ( 9lX^ )sin (I1|I2 ) *p ^42 g^Bagftfcfo (-jp^) r g„, ft 

9 3 p ll p 21 r, 12 p 42 

£ Hup2(Xi £ fJ.2iP3a 2 £ a 3 p 1 l3 1 £ f j, 12 p4f3 2 s(3) (Pii+<li) 5(3) (P2i+g 2 )<5 <3) (?3+»-i)<5 (3) (pi 2 +r 2 )<5 (3) (P42+r 3 ) . 

(4.1) 

Now take pu — k — r], p 2 i — T], q^ — k, p 12 = q, P42 = — (k + q), and contract on a 2 , /3 2 : 

[2.01] = ~2g 5 J pil pi fcW2 e i(fcX ?? )( ( Tl 1 -|) e »(fcX g )( CTl2 -l) sin( fex a)Bin( fex a) kPl^-^PS^P4^P6 
X £ PllP2P3 £ ^lPlPi^M ( l)[p. £ f]p(,Pl2 

= -2g 5 J ^pie^^)(^-!) e , '(* x ')^4) rin( ^ ) ^ ( ^i ) .^^^ 

\k x q)e lxvp6 {k + q) P( > - e^ 12 k^(k + q) 2 ] , (4.2) 



X £ PllP2p3 £ P-2lPlP4 



where we have used k' = —k, and again applied (|A.17Jl . Note this time however, the term 
on the right hand side of ()A.17|) survives because the propagator associated with p 42 carries 
a loop momentum. We will need [2.03] to cancel the additional term. 
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Like [3.02], there are two contractions to consider in [2.02]: 
[2.02] = -^-(-2ig) J k^k^k'^s^Hpii+P^-k'^ 

„P2 P3„P4 ( PI 

r -^12-gl2 r -|fP32X(p 4 2-fc , )-P42Xfc , l g^xg, 0^303 Pll^lPlZ gj2 

c c aim 2 jt 2 2 2 1 2 c MliP2ai c M2iP302 

P11P21P12 ^P42 

P32 

X £: Ml2P4M £ ypia3 5(3) (Pll+'?l) 5(3) (P21+g2)'5 (3) (Pl2+P32)5 (3) (P42+g3) H 2" £ Wl P2«l £ P2lP3«2 

P32 



X £ Ml2 p 4i ,£: A1 p 1 Q35 (3) (pil+<?l)5 (3) (p21+<?2)<5 (3) (pi2+P42)5 (3) (p32+<?3)| ~ (fl <r+ 1/) . 

(4.3) 

As in [2.01], set pn — k — rj, p 2 i = rj, and p\ 2 = q. Then contracting on a 2 and using ([A. 15)1 . 
the remaining momentum constraints imply 



[2.02] = i0 5 / j^jfc^jfcwv'^ 

{ £ PllP2P3 £ 'Pl2P4P^PlP21 + £ PllP2P3^Pl2P4^ £ PPlP2i e ? } ~~ ^ Z/ ) 

= —2*7 J k^ 11 k^ 21 k^ 12 e i ( kxv ^ ail ~^e i ( kxq ^ ai2 ~^hm( kxv )zm 

£ MllP2P3^P2lPlP4 £ A t ^Pl2 • 

(4.4) 

Now consider [2.03]: 

[2.03] = -^(-2ig) 2 [ fc w ^^ 1 5(3)(p 11 +p 21 -A : )5( 3 )( P 32+P42-ifc')e~ ipu ' $11 e-^ llXP21 



p-fp32Xp42. r giX<; 2 v . ri xr 2 , c aia 2 «3 c /3lfe/?3 P?l P21 g 3 1 p 32 p 42 c c 

C S1IH 2 J Slr H 2 ^ £ „2 „2 „2„2 „2 t PllP2ai t P2lP3«2 

p ll p 21 9 3 p 32 p 42 

£q 3 Pi/3i ^p^A^Pefti 5(3) (Pn+9i)-5 (3) (P2i+g 2 )<5 (3) (93+n)<5 (3) (P32+r- 2 )<5 (3) (p 4 2+r 3 ) - (jj++i>) ■ (4.5) 

Set pn = k - r], p 2 i = 77, p 3 2 = 9, p 4 2 = + <?), and contract on a 2 , fa 



[2.03] = 2ig 5 [ j^ 11 j^e <(fcx ' )( ^ 1- 5)e-5 fcx «>in(^)8ii l (^) 



fc^Jfc - r]) p2 r) p3 q p4 (k + q) p6 
k 2 (k — rj) 2 rfq 2 {k + q) 2 

£ Pllp2P3 [ £ 'P2lPlP4^P^P6 _ £ M21P1M £ ^P6P4] ~~ (A* <_ * ^) 

J k k e 2e2 sin(V)sui (^) k2{k _ r])Wq2{k + q)2 

£ Pllp2P3 [2^p2lPlp4 £ /t^PC ~~ ( _ £ P2lPlp6^Pl'P4 + £ /t2lPlP4^P^P6 )] 

2io 5 /" fcMufc^i i^x^n-p -jfcxg ^ , fcpl ( fc ~ v) p2 v p3 q p4 {k + q) p6 

2tg J K e sm( 2 )sm( 2 ) k2{k _ v)2r]2q2{k + q)2 

£ PllP2P3 [ £ 'P2lPlP4 £: P^P6 £ H21P1P6 £ ^Pa\ 

^ 7 6 Sm( 2 )[sm( 2 )J k 2 (k- V ) 2 V 2 q 2 (k + q) 2 

£ M11P2P3^P21P1P4 £ 'PI'P6 • (4-6) 
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Figure 3: Diagrams [2.04a] and [2.04b]. The other two channels corresponding to [2.01]. 



In the second step we have used (1A.14J) . and in the fourth we have made the change of 
variables q — > — (k + q) in the second term. This allows us to compare [2.03] to the first term 
in [2.01], which is a total derivative with respect to the integration over ai2, whose measure 
we have suppressed. Performing the integral, 

£ da 12 (k x q) e^>«»(-i 2 -|) = 2 sin ( , (4.7) 

we see that the first term in [2.01] is cancelled by [2.03], while the second term in [2.01] is 
cancelled by [2.02] in the same way that [3.02] cancels [3.01]. 

Again, the identity ()3.5|) ensures that this is essentially the same calculation as that 
presented in jT^l at one-loop. However, the remaining graphs we consider in this section, 
in which the two gauge field sources from W(k) attach to different vertices, work out quite 
differently. 

More specifically if we think of graph [2.01] as containing a tree-level four point function 
in the t-channel attached to the Wilson lines to form a two-loop diagram, then the graphs 
in figure 3 reflect the other two channels. Combining the two we obtain 

[2.04] = ^^(-2ig) 2 J fcw^jj^Wto!^^ 

p ll p 21 9 3 

f j/4 p P6 

X £uilp 3 ai£M2lP2/32 5(3) (Pll+9l) <5(3) (P2l+)-2) S - 2 2 -3 2 - e Ml2P40;2 e yp6/33 5(3) (Pi2+Q2)'5 (3) (P42+r'3) 

I p 12 p 42 



P6 PA 

p 12 p 42 1 



Set pn = r), pi2 = q in the first term and p\ 2 = —(k + q) in the second, and contract on 
ai,pi and a 3 ,/3 3 respectively, to get 



f2 04l = —2a 5 / k^ 11 fc M21 fc^ 12 e ifcx ^^~ CT11 ^inr' X9 )cin n xg ~ fcx ^~ fcxg ) (fc ~^ )P2 ^ 3 ., gP ^ ( ' ;+T '?f 5(fc+ ^ P6 

L ' J I 2 2 (fc-?7) 2 r l 2 ij 2 (<j+r l ) 2 (fc + i3) 2 

| e ifexg( CT12 ^ ) e ll21 p 2 p 5 e Pl2 p i p. A {k + q)[nB u ]p 6llll — e lkxq< -? ^'^p^^pe^piipsps^V^Wp^} 

- 9(1 5 / frMll ^ 21 ^ 12 J kXr ](h-°~l-l) „:„ ^Xj u; . , V Xq-kX V -kXq , (k-r,)P2 v P3 q P4(q+r,)P5(k + q)PG 

— Zg IK K K e sin( — )sm( . ) {k _ v y2 v 2 q 2 (q+1l) '2 (k+q y2 



G ^ 2 | £: ^2lP2P5 £ A t 12P3P4(^ + 0)[n e v\p&ti\-L *+" £ 'P2lP2P6 £ PllP3P5 ?[p £ ^]P4Pl2 } 1 (4-9) 
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Figure 4: Diagrams [2.05a] and [2.05b]. Compare with [2.02]. 

where we have made the change of variables o" 12 — > 1 — 012 in the first term. To these 
diagrams we pair up the ones in figure 4, which represent four sets of contractions: 



[2.05] 



(-2ig) I P 1 4^4 / ' il2 5(3)( Pll+P21 -fe)5(3)( Pl2 +p32+ P 42-fc')e" ibu - eil+ 5 pilXP21 ] 



12 p - 1 [P32 X (p 4 2 -fc') -P42 X fc'] , qi xq 2 >n?a J p 

e bm ( — 2 — > „2 '2 1 r 



— l-jHl-S 4 2 -^2lP2Ql £: M12P6a3' 5(3) (P21+?l)5( 3 )(pi2+g3) 
p ll p 21 L P 12 



X 



I2^ c /iliP3/U fP50!2 



n P 4 



<5 (3) (Pll+P32)<5 (3) (p42+92) + ^-£ Mll p 3! .^p5 a2 <5 (3) (Pll+P42)5( 3 '(p32+g2) 



MnP3ai £: A 1 i2P4a3 <5(3) (Pii+ l 3l) (5(3) (Pl2+'?3) 

p 12 

+ - 3 T" £: M2lP2l' e W5a2 <5(3) (P21+P42)5( 3 >(p32+<? 2 ) 



''32 
„ p 5 



^2 2 -^2lP2M £: ^P5a2 <5(3) (P21+P32)<5 (3) (P42+g2) 



(4.10) 



Take p n = rj. In the first two terms set px% = —(k + q), and in the second two set px% = q. 
Then contracting on a.3 we obtain 

[9 fl^l - — in 5 / ^11^21 1,^12 a ikXT](^ -an) ( k - v )P2 v P3( q+v )P5 ^10203 J . , v xq-k xy-k xq ^ (k+q)P6 



pifcxg(i-<J 12 ) 

^ C - c M2lP2ai c A*12P6a3 



C C MllP3A tC ^P5"2 



4. p -^vxg r P 



W>5"2 



+ 



+ sill r212<9^e i/cX 9(< J l2-2) r p 
T ™1 2 J^T C C MllP3«l C A'12P4«3 



^[rjxg-fcxg-fcxjj] 
c c fj,2iP2Li c vp 5 a2 



~ c c /i2lP2^ c W5 Q 2 



(/i <-> I/) 



2(7 5 / fc^ 21 jUM12 e »fcX??(^-o-ll) tfcXg(^-CTi2) ■ / qxg-fcXTj-fcxq x ■ ( - »?xg - ) (fc-^) p 2. ? P3( 9+ ^) 

y / 7 v 2 ' ( k _ v y2 v 2( q+v y2 



f (k + q)P6 _ gP4 1 

\ (fe +9 )2 £ M2iP2P6 t AtllP3[A' C HP5^12 ~^2 _t MliP3P4 C A l 2lP2 [Al fc v]p 5 /ii 2 J 

2# 5 /" A; Mn fc^ 21 pi2 e ifcxr ? (|-a 11 ) e »fcxg(l- CT1 2) s . n(t ,x,- fc x^- fc x, )sin(I 

JV 4 p 1 (fc+,)P6 1 

^-^ _c MllP3P4 C A l 2lP2P5 C M i/ A l 12 ~ ( fc+9 )2 c M2lP2P6 C Mil P3P5 c /^Ml2 J ! 



(4.11) 



where we have used (jA.lfijl in the last line. Again, [2.04] and [2.05] do not cancel, but it is 
natural to combine them using (jA.17|) to obtain a total derivative term with respect to the 
<7i2 integration: 



[2.04] + [2.05] = 2g 5 j & n P 21 e ikxrj{ ^ ail) sin ( ^)sin ( Mi^M ) [^agggLg^a|^ 

ft y nV itx ' ! (r' 712 ) [p p p _|_ p 

^n, /\ y^c l c «n 030d°U5l Do Or, ^UUOK ~ c 



^MllP3P4^A t 2iP2P5 £ M^P6 £ /J2lP2P6 £ 'A t llP3P5 £ M^P4] ■ (4-12) 
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Figure 5: Diagram [2.06]. 

In analogy to [2.01]-[2.03] we now hope to cancel these terms with the contribution in 
figure 5, which represents two sets of contractions (with the same natural diagrammatic 
representation). However, the fact that the two sources from the commutator contract into 
distinct vertices will seriously complicate the problem as we shall now see: 

[2.06] = -^^(-2ig) 2 J P 1 4^ 21 5( 3 )( P11 + P2 i-fc)5(3)(p32+P42-fc')e" i? ' 11,6l e-3Pii x »i e -fP32xp 42 

^« sln( ^ )sin( II|r2 )£ «i«2a3^i^/33 i i5(3)(pii+9i) 

^ll P 21 y 3 

( PA P6 

S( 3 Hp2i+r 2 )5(3)( q ^ + r 1 )<^^e W4a2 e up6l 3 3 5( 3 )(p 3 2+q2)8( 3 H P 42+r 3 ) 

L p 32 p 42 

P6 Pi \ 

+ P -^e^ l3i e vpAa2 5^{ P3 2+r s )5^(p i 2+ q 2) \ - (n~ v ). (4.13) 

p 32 p 42 J 

Set pu = r\ and P32 = q in the first term, and P32 = — (k + q) in the second. Then contracting 
on a>i, /?2, we get 

[9 flfSl - Via 5 / ^Mll ^M21ptibX77(|-gll) (fc-^)P2^P3 g P4( 9+I7 )P5(fc+g)P6 ,ix^. : „ / ix^-tx.;-tx^ r aiQ2tt3 

[z.uoj - zig j k k e — (fe _^ ) 2 ?) 2,2 { , + ^ 2(fe+9) 2 — sm (— )™( 5 > £ 

c t a3P5/3l t MllP3"l t M2lP2/32 )_ t MP4«2 t ^P6/33 C "T fc pp6f3 S ^V p4,OL 2 ^ j 

— —An 5 / frMll ^210^X^(^-0-11) (fc-^)P2^P3gP4( 9+ ^)P5(fc + q)P6 - 3 x g s ■ , fc X q s ■ / a X q-k X ^-fc X g ■, 

4 3 J " K e {k _ v) 2 v 2 q 2 {q+v) 2 {k+q) 2 sm( — )sin( — )sm( 5 ) 

[ £ P2P3P5 £ PP6M21^P4Pll ~ ^ P2lP3P$ e PP6P2 e vp A pn ~~ £ flup5P2 £ PP6P21 £ VP4P3 ) ~ i^ v ) 

— All 5 / ^Mll ^M21p»fcX??(i-CTll) (fc-^)P2^P3 9 P4( 9+ ^)P5(fc + g )P6 . f2 Xav • /tX^ ■ _, r,xq-kxy-kxq s 

4 3 J K K e (fc _, ;) 2, ;2g 2 (9+ ^2 (fc+?) 2 sm( — )sin( — >m( 5 ) 

X [ _ ^ P2P3P5 £ P11P4PB £ PVp,21 "I" £ (U21P3PS ( £ P11P2P6 ^P-VpA ^ P2P4P6 ^pvpw ) 

£ MllP2P5 ( £ P21P3P4 £ P^P6 ~~ £ P3P4P6^PfP21 )] 5 (4-14) 

where we have used (jA.15j) and ()A.16|) . Using the interchangeability of the /in and //21 
indices, we now repeatedly apply (|A.14J) to the first, third and fifth terms as follows: 

[ _ £: P2p3P5^PllP4p6^P^P21 "I" £ P21P3P5 £ P2P4P6 £ pvp\\ ~ ^ P3P4P6^ Pllp2Pb^ P^P2\\k^ 11 k^ 21 

~ PllP4p6 £ P2P3P5 £ PllP2P5 £ P3P4P6 £ PllP4P5 £ P3P6P2 ^Pll P6P5 ^ P3P2P4 

— sr cr ]p i,PllUP21 

C P11P2P5 C P3P4P6} C PVP21' V n 

[^P2P3P5^PllP6P4 ~l~ ^P2P3P6^P11P4P5 ^P2P3P4^PllP5P6]^Pl / A t 21 ^ 

= e piip2P3 e p4PhPa e p^P2ik^ 11 k^' 21 ■ (4-15) 



10 





Figure 6: Diagrams [2.07] and [2.08], containing vertex corrections. 



Thus diagram [2.06] is given by 

[2.06] = -Ag 5 f ^^^e^^M^^^^t^^t 



T) X q — kxrj — kx q 



X £ 



P2lP3P5 £ 'PllP2P6 £ P^P4 £ PllP2P5^P2lP3P4^PI / p6 



£ 'PllP2p3 £ P4P5P6 £: P^P2l] ' 



(4.16) 



and so evaluating the surface terms in ()4.12|) with respect to the <j\i integration, and adding 
[2.06], we obtain 

[2.04] + [2.05] + [2.06] = -4/ J F" ~ k ^j^(\-^) c^gg^±zzg^g sin (afa)Bin ( ^ 

&m l 2 - IC 'P11P2P3 C P4P5P6 C PI / P21 • I 41 -- 1 - 1 / 

This does not obviously vanish, and it is not immediately clear what can be used to cancel 
this residual piece. We will now show that the contributions in diagram 6, which contain 
one-loop vertex corrections, precisely cancel this piece. 
Evaluating diagram [2.07], we obtain 



[2.07] 



Take pn 
[2.07] = 



sin( £l|£2 )£ « 1 «2a ! 3 £ /3i/3 2 ^ £ 7i7273^5|l £Q3p £ £ S (*) {q3+ri)S (V (r 3+Sl )6(V {s 3+qi ) 

9 3 r 3 s 3 

P3 P'2 Pi 

x(-iP43i) ^ 11 p 3Q2 £^ 1 p 2/ 3 2 £^ l72 5( 3 )(pii+g2)5( 3 )(P2i+r-2)5( 3 )(P42+ S 2) - (pW).(4.18) 

p ll p 21 p 42 

rj, and S3 = q. Then contract on ct2, Z^: 

4fl 5 / j^Mll ^21p»fcX7?(|-CTll) fcPl^P3(fc-, ) )P2 g P4( 9+ ^)P5(fc +9 )P6 g , , fc x g . ( v x ,_ fc XJ) _ fc x q 
4 f J ft K C fcV(k-.7)V(<7+^(fc+<z)^ sm(^-)sin(^-)sm( 5 j 

v /X0301 _ X0301 A fx/^A _ S.PzPl \ P 7i7273p. p JL P 

V M11P3 P3P11/ V P21P2 U p2fJ.'2l) C t a3P5/5l t /53P671 t 73P4ai ft '[/i t J/]pi72 

4fl 5 / j^Mll ^M21 p ifcX??(i-o-ii) fcPl^P3(fc-, ) )P2qP4( 9+ ^)P5(fc +9 )P6 f ,x g , ■ f fcxg v - ^Xj-txi-tx^ 
4 9 J" ft e fc2^2 (fe _„ ) 2,2 ( , + ^ )2(fe+ , ) 2 sm( — )sin( — )sm( ^ j 

V lr /" _ A7273 \ p _ P p ( £7172 _ £7172 A 

^ L C PllP5P2 \ U pL2lP6 P6P21 / 73P4P3 C P3P5P2 c P2lP671 V U p4Pll P11P4/ 

+ £ P3P5P21 £ P2P67l (^P4Pll _ ^Plipi) ^[P £ ^Pl72 
4fl 5 / K 11 ^Wlp ifcX7 ?(|- CT ll) fc p l»7 p 3(fc-, ) )P2 g P4( 9+ ^)P5(fc +9 )P6 f3 xgs , r fcxgs ■ / 

X 



T7 X q — kxr] — kx q \ 
2 I 



^P2lP5P2 £ P6P4P3^[p £ 'l / ]piP21 £ M11P5P2 ^M21P4P3 ^[pL^u]p\p6 ^P3P5P2 £ P21P6P4 ^[p £ f ]pipil 
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~^ £ P2lP3Ps e p2P6Pi^[P £ ^]plPll £ P2lP3p5 £ P2P6Pll^[p £ ^]plPi 
Afl 5 / k^ 11 L^lJkXrii^-au) V P3{k-r 1 )P2qP4(q + n )P5(k + q)P6 ( VXq v - f kXq v - t V Xq-kX V -kXq s 



X 



~£pvp,2\k £ P3P4PG £ PllP2p5 £ ^UP2P5 e P2lP3P4^ Pl ^[p e ^]plP(i ^pvp\\^ £ P2P3P5 £ P21PiPG 



~\~£ p v Pll k £ P2lP3P5 £ 



/'.-Pipe £ PUP2P6^ P21P3P5^ P ky fl £ u \ pi p i 



(4.19) 



where we have used (|A.17|) on the terms containing £ upim ■ Collecting the terms proportional 
to k 2 , and applying ()A.14jl we have 



[ £ P^P21 £ P3P4P6 £ PllP2P5 ^Pl'P\\^P2p3Pb^P2\P4Pli J ^^PVp.\\^P2\P3Pb^P2P4Pe\^ ^ 

} 6 + £pup 
£.^11 fcP21 



~£ P V P 21 [ £ PllP2p5 £ P3P4P6 "I" £ PllPiP6 £ P2p3P5 £ PllP2p5 £ P3PiP6 £ PllPAPb^ P3P6P2 



~£p,liP6P5^P3 P2 Pi J 



£flVpL21 p2P3Pb^- PllP6pi £p2p3P6^PllpiP5 ^ p2P3Pi^ PllPSP§\ ^ ^ 

— P p p 1,^11/^21 

C PVP21 C P11P2P3 C P4P5P6 I% ^ 

Inserting this back into ()4.19|) we obtain finally: 



(4.20) 



) 



[2.071 = 4g 5 / k^k^e ikx ^- a ^^ k -f 2 f/f.^ 



'pUfl21°pilp2P3 c 'P4P5P6 c -piiP2p5°P21p3pi j/2 '"IP^^iPlPS " PllP2P6^ M21P3P5 ^2 



k[pSu]p lP6 £pnP2P6 e P2lP3Pb U2 ^[P-^^PlPi 

(4.21 



To this contribution, we must add the ghost loop diagram from figure 6. Remembering 
that once we fix the contractions among the gauge fields, there are two sets of contractions 
among the ghost fields corresponding to the two directions of ghost number flow, we have: 



[2.08] 



(-2ig) 3 / P 11 ^ 21 5(3)(p 11 + P21 -fc)5(3)( P42 -fc')e" 



sin (11^2 ) sin (11^12) 



^3 ^2 ''l 

X sin(^)(-^ 1 )°(-»r 1 )/ 3 (-i, 1 r /V P jl^2 £ 3Q £ ^(-zp 42 )^£ H a(3)(p 11+92 ) 

*3 3 3 p ll p 21 p 42 



X 5( 3 )( P 2i+r-2)<5( 3 )(P42+S2) {5( 3 H93+ri)M 3 )(r3+si)5( 3 )( )5(3)( S3 +ri)} , 

(4.22) 

where we have included a leading minus sign for the fermion loop. As usual we take pn = q, 
and now we take S3 = q in the first term, and S\ = q in the second, from which we immediately 
get: 



[2.081 = 4(/ 5 / pil^21 e »fcX^(|-a n ) (fc7 )P2,P3 9 P4( 9+ ^ 

(4.23) 



k' ! (k-rj)^r,' ! q2(q+ v )2(k + q) 
£ P-llP3P4^P21p2p5^ P ^[p^u}pip<i "I" £ P11P3P5^P21P2P6^ P k[ p £ u ] pip4 
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Figure 7: Diagrams [1.01] and [1.02]. Compare with [2.01] and [2.02]. 

The ghost graph [2.08] cancels the last two terms in (j4.21|) . while the first term in ()4.21j) is 
exactly the negative of the residual piece from diagrams [2.04]-[2.06]. In summary we have 
found the cancellation: 

[2.04] + [2.05] + [2.06] + [2.07] + [2.08] = 0. (4.24) 

Combining this with the cancellation amongst [2.01], [2.02] and [2.03], we conclude that the 
sum of contributions from 0(g 2 ) terms in W(k) to the correlator (W {k)0 ^, v {k')) at 0(g 5 ) 
vanish. 



5 Contributions from 0(g) terms in W(k) 

We now turn to the most difficult case, where we have up to four sources on 0^ v {k'). All of 
the contributions in this section have one gauge field source from W(k), and it will require 
all of the graphs to produce a final cancellation. We will further absorb the common factor 
5 {pu ~~ k) associated with this source, into the integration symbol. 
First consider the contributions from figure 7. The first is evaluated as 



[1.01] = (ig) 3 (-2igf J k^k'^ 2 k'^ 2 s^{p 12 +p 22 + P42 ~k')e^^^ 

a r> r> Pi P'4 P r » Pf) P4 

sim — 2 — > sm ( — 2 — J fc b 3! „f 3? Jl .2 V t f42;/it^iipiOitl/p 6 02 t 03P4/3l t AH2P3/32 

p ll p 12 p 22 p 42 9 3 

£ M22P5/33 <5(3) (Pii+9i) 5(3) (P42+g2)<5 (3) (g3+r 1 )5( 3 )(p 12 +r 2 )<5( 3 )(p 22 +r 3 ) - (j*~v). (5.1) 

Setting P12 = —T], and p 2 2 — Q + Vj an d contracting on cti, (3% we obtain 

[1 Oil = 4(7 5 / k^ 11 k^ 12 fcMaap-^^x^iz-fcx (q^^le^^xq-^xqlsin f *** bin f " xg ) *"* ^.f.t 5 i k +f) P6 

I ' 1 J 2 2 k' 2 -r] I q I (q+r]) i (k + q) Z 

£ 'P12P3P5 ?)[M £v ]P6W1 • (5-2) 



M22P1P4 



The second diagram in figure 7 represents two sets of contractions and is evaluated as 
[1.02] = -(igf(-2ig) f ^ 1 4' w 4 / ^ 2 <5( 3 )(p 12 +p 22 +p 3 2+P42-ne~ i ^ 



„-f b22X(p3 2 +p42-fc')+P32X(p42-fc')-P42Xfc'] P^P^ p 22 c c s(3) I , \s(3)/ , ^ 

e 2 „¥J J gp^psfegp^psfe 51 d> (Pl2+r2)S^>( P 22+T 3 ) 

p ll p 12 p 22 

P Pi P Pi \ 

£ piipi[At £ y]p 4 /3i' 5(3) (Pii+P32)'5 (3) (P42+ri)-| 2 - + £p 11 p 1 [^£p]p 4/ 3i<5 (3) (Pii+P42)5 (3) (P32+r'i)^ 2 - > ■ 

p 42 ' "' p 32 J 

(5.3) 
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Figure 8: Diagrams [1.03a] and [1.03b]. Compare with [2.04a] and [2.04b]. 



Again take p\2 = —rj, P22 = Q + V and in the first term take ^42 = —q, while in the second 
take p 32 = -q: 

[102] = —2ig 5 J fc m ^ 12 fc^ 22 e~^ fcx ^ 12 ~ fcx ^ + ^ CT22 le^^ xg ~ fcxg ^m( '' xg ) ' i:P1 ^' ; ^ 4 ^+ r >^ 5 

£ piipip £ pi2P3P5^P4P22 e 2 ' £ 'PllPl^ £ Pl2P3/!'5 £ MP4M22 e 2 ~~ (P^ v ) 

= 4g 5 J k^ 11 k^ 12 ^ 22 e~^ fcx ^ 12 ~ fcx ^ + ^ cr22 ]e^^ X9 ~ fcX9 ^in('' xg )cin( fcx<; ) 

(5.4) 



fcPl,)P3 9 P4( q+?; )P5 c 

fc 2,^^( 9+tj) 2 c p^pil c P22PlP4 c Pl2P3P5 ! 



where we have used ()A. 16j) in the last step. Combining [1.01] and [1.02] using (|A.17|) . we 
obtain 

[1.01] + [1.02] = 4g 5 f ^ 2 ^ 22 e -* x ^ 12 - fcx ^ CT ^^ 

kPl v P3 q P4( q+v )P5(k+ q )P(i (h. y n \- - - (c c\ 

k 2 v -2 q 2 (q+v y2 (k+q y2 \^ ( l/ t P22PlP4 t A t 12P3P5 M^P6 ' l - / 1 

Now consider the diagrams in figure 8, which, like the similar diagrams in the previous 
section, correspond to the other two channels with respect to [1.01]: 

[1.03] = {igf{-2igf f k^k'^ 2 k'» 22 &^( P12+P22+Pi2 ^ 



S i n (^ 2 ) sin (li±l 2 )£: 



r 1 xr 2w ttia2«3 gAfeft p ll p 42 g 3 



lT^4-(-^42)p^pi 1 p lQ1 ^a 3 P4/3l' 5(3) (Pii+9i)' 5(3) (93+n) 



X ^up 5 /3 3 S < - 3) (P42+r 3 ) < £ 6Q2 £ 3/32 6(3)( pi2+(?2 ) 5 (3) (p22+J . 2) W22. 

L p 12 p 22 

+ ^Pl2P3/32£p22P6a 2 ' 5(3) (Pl 2 + f ' 2 ) 5(3) (P 22 +9 2 )^^ \ ~ ( 5 - 6 ) 

p 12 p 22 J 

Set £>42 = g + rj, and P22 = ~V in the first term, pi 2 = —77 in the second. Contracting on 
ai, /?i yields 



[1.03] = V / P^P^sin^W ^W 



Pl2plP6^At22P3P4 



(g + 77) 



x | e -i[fexgtTi2+fcXr7CT22] e |[J7X9+fcXq] ^ e ~i[fcx»7CTi2+fcxgCT22] e2 :[-»?xg+fcx<}+2fcx»7] j 7^ 

As usual, we pair these together with the diagrams in figure 9 which we denote by [1.04a] 
and [1.046]. Writing out the four sets of contractions they represent, we get 

[1.04] = -(ig)\-2ig) f k^k'^ 2 k'^ 22 5^{ Pl2 + P22 + P32 + P ^^ 
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Figure 9: Diagrams [1.04a] and [1.04b]. Compare with [2.05a] and [2.05b]. 





Figure 10: Diagrams [1.05] and [1.06]. Compare with [2.03] and [2.06]. 

e -ib22X(p32+P42-fe0+P32X( P 42-fe0-P42Xfeq sin(a ^ )£ /3 1 /3 2 /33p|i £ ^ ( Pll+ri ) 



P3 P& 

X i ^^^2 2 p 6 /3 2 <5 (3) (P22+r 2 ) 

p 12 p 22 



P4 P4 

^ £ Ml2P3M £ ^P4A' 5(3) (P12+P32) 5(3) (P42+r3) + ^-£^ 12 p 3 U £ p/nfo 
1 42 p 32 



f>6 P3 

+ ^^l2P 6 /3 2 ^ 3 >( P i2+r 2 ) 
p 12 p 22 



X 5< 3 )(pi2+P42)<5 (3) (P32+r-3) 
P4 

X5( 3 )( P 42+r 3 ) + ^f-e p22p:jU e fip4l 3 :j 8( 3 )(p22+P42)S < - 3 \p32+r 3 ) 



P4 
''42 



£ P22P3P e ^P4/33 ,5(3) (P22+P32) 

- (fW-M/J. (5.1 



Set P12 = —7/, P22 = —(k + q) in the first two terms and p i2 = —{k + q), P22 = _ V m the 
second two. Then contract on 0i, and use the symmetry under /x 12 <-> /z 2 2 to obtain: 



[1.04] 



^P22PlP6 e 



i[fcX?70-i2+fcXgiT22] 



v ^ p2 -[-2»?x ( j+2fcx» ? +fcxg] , i[2hi)+h g ] \ , 

^ C Pl2P3[P C ^JP4Pll ' C t Ml2P3[^ C PjP4Pll J ' C P12P1P6 ^ 



xe 



-i[kxqo- 12 +kxr](T22] f^ikxq 



( e2 9 £p22P3[p^]P4A«ll e2 



[fcxq+2r;xg] 



'P22P3 [^ £ p]p4Pll 



4fl 5 / fe^ 11 fc^ 12 /c M22 sin ( h*Z )sin ( ) fcPl f 3 <ff ( fc +^j P6 , 



Pl2PlP6°P22P3P4 c 'Pl y Pll 



x | e -*[^x»?o"i2+fcX(jo-22] e |[-r?xg+feX(}+2fcx»7] _|_ e -i[fcxg<Ti2+fcXT?CT22] e |[??Xg+fex?]| 

where we have used (jA.16j) in the final step. 

Summing the contributions in figures 8 and 9, and invoking (jA.17j) as usual we obtain 



[1.03] + [1.04] = 4g*J ^k^^ii^^^ l^^^^^ kx^^^e^^e^ 

x | e -«[fexqcri2+fcxj7(722] e f [r)Xq+kxq] _|_ X 771712 +fe X 9(722] g| [-»7Xg+fcx g+2fe XT?] | 

(5.10) 

Analogous to [2.03] and [2.06], we now have the diagrams given in figure 10, and which we 
denote by [1.05] and [1.06] respectively. However, in the last section [2.03] precisely cancelled 
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[2.01] and [2.02], in a calculation very similar to that presented in On the other hand 
we will find that [1.05] by itself does not cancel the equivalent graphs here, [1.01] and [1.02], 
but serves to 'correct' a noncommutative phase in other diagrams. 
Evaluating [1.05], we find that 



[1.05] = -{igf{-2igf J ^ 11 ^ 12 5(3)(p 12 +p3 2 +P42-fc')e" ipi2 ^ 12 e-5^ 2X ^ 2 - fc ')- p42Xfe '] 

■ i ll X92 -i ■ / r 1 xr 2 ^ c aia2Q3 c ftfeft p ll p 12 P M p 42 g 3 4 c r c c c 

S1I H 2 > Sm y 2 >t- fc „2 r ;i „2 '1 -1 t MllPl a l t A t 12P6a2 t MP5/32 fc ^P3A t 03P4/3l 

p ll p 12 p 32 p 42 9 3 

5 (3) (pii+gi)<5 (3) (pi2+g 2 )<5 (3) (p32+r2)<5 (3) (p42+r-3)5 (3) (93+ri) —(//<-> v) . (5-H) 



So as not to introduce a propagator carrying the momentum k — rj, set p 12 = — (A; + g), 
P42 = — ?7, and contract on ai,/3i: 



[1.05] = 4ig 5 I k^ 1 F 12 e -* fcxgai2 e~^ xg ~ fcx <in (^)sin (^) fcPl $g^^^f 6 

X |^M12P6P1 £ 'P3P4[P £: ^]P5^11 "I" £ Pl2P6Pl £ P5P4[p £ '^]P3A t ll J" 

= -420 5 / k^k^e- ikxqai2 e-^ xq - kxq Kin(!^)sm(^ 

X £ MllPlP6 j^Pl2P3P4 £ M^P5 £ P12P5P4 £ 'P1'P3 J 

og J H H e ) [sm{— )\ fc 2^,2 (q+I)) 2 (fc+9) 2 — 

X £ MllPlP6^Pl2P3P4 £ P^P5 1 (5.12) 

where we have invoked (jA.15|) twice to obtain the second line and cancelled the resulting 
crossterm proportional to e^^, and where we have changed variables rj — > — (q + 77) in the 
second term on the second line, which effectively interchanges the p% and ps indices. 

Now consider [1.06], which is similar to [2.06] and represents two sets of contractions with 
one natural diagrammatic representation. Evaluating it we obtain 



[1.06] = -{igf{-2igf J F 1 4 , ^ 2 5( 3 )( P1 2+ P 32+ P 42-fc0e" ipi2 ' 62 e"5[P32x( P 42-fc0-P42xfci sin(2 ^ ) 

sin(H^) P 3 P gl 4 £ ai " 2 " 3 £ ftfefe £ a 3 P4/3l £ MllPiai £ Ml2 p 3/32< 5( 3 )( g 3+r 1 )3( 3 )( Pll + l?1 )^( 3 )( Pl 2+r2) 



^f 2 -^p 6 a2^^P5/3 3 '5 (3) (P32+?2)<5 (3) ( P 42+r'3) + ^-§ 2 -£ /tP 5/3 3 e t /p 6 Q: 2 '5 (3) (P32+r3)<5( 3 )( P 42+g2; 
p 32 p 42 p 32 p 42 

-{li^v). (5.13) 

Set P12 = —7/, and p 32 = —(k + q) in the first term and p 42 = — (k + g) in the second. 
Contracting on cti, /3 2 we get 



[1.06] = 4z^ 5 y ^A^e^^^^^c^ ^ggg^^g ffi-^) 

//3/31 _ 5 /3 3 /5i \ £ R \ £ , £ , „ e f[2fcxr)+fcx 9 -??X 9 ] , i[r,x g -fcx g ] 

I °P12P3 °/>3M12 J^&ZPlPX [ c «2P6lP C 'l / |P5P3 C ' C P3P5 lM C HP6«2 C 
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2^5 / tun ^Ml2 tfcXr?(i-o-i 2 ) n .^ fgi , . ,tx,; u „ ^xg-fcx» ) -fcx, n fc Pl '7 P3 <; P4 (';+'>) P5 (fc+<;) P6 
9 J e>m(^->m(^-)sin( 3 ) fc 2„2,2 ( , + „ ) 2 (fc+ , ) 2 

£ A«llP6[A t£ ^]P5A t 12 £ PlP4P3 ~~ £ 'PllP6[p £ f]P5P3^PlP4Ml2 _ £ Plp6 [M £y ]P5M12 £ 'PllP4P3 
S<1 5 / ^ n i.^2„ikxri(^~ai 2 ) ( r,xqs- ,tx^ ■ , ix,-txi-tx^ fc p l ,, p 3 9 p 4 (q+,,)P5 (fc+q)P6 

- ag j k k e sm( _) &m( _) sin ( . ) — fc2t) 2 g 2 ((?+ ^ ) 2 (fc+?) 2 — 

[ ^p^/tl2^PllP6P5^plP4P3 £ 'P^P6^PllP3P5^Ml2PlP4 ^flf^ll ^P3P5P6^Pl2PlP4 
+ £ /J^P5^pi2PlP6^PllP3P4 _ £ 'Pl y Pl2 £ A«llP3P4^P5PlP6] 

— Qg J H H C &m( _ )hm( _ )sln( . j fc 2 t) 2 g 2 ((?+t)) 2 (fc+q) 2 — 

[ £ p^P5 £ 'M12PlP6 £: PllP3P4 "I" £ P^P6 £ 'Ml2PlP4 e: piiP3P5 ~~ ^P^P12 ^PHPlP3 ^P4P5Pe] ' (5-14) 

Examining the graphs we have computed so far in (|5.5jl . (|5.1()jl . (15.12)1 and (|5.14jl . we find 
ourselves in a similar situation as that after having computed [2.06]. However, while the 
tensor structures are now in the same form across these contributions, the noncommutative 
phases are not manifestly the same, as they were in the equivalent point in the previous 
section, and a little more work is required. Denote the sum of these graphs, [1.01]-[1.06], by 
S. First examine terms that are proportional to s^ P6 , which occur in (|5.5|) . and (|5.14J) : 



[1.01] + [1.02] = Ag 5 j k^ 12 k^ 2 e- i[kxvai2 - kx{q+v)a22] e^ xq - k ^ 

kPl v P3 q P4( q+v )P5( k+q )PG (h. v _\_ _ _ 

k 2 v -2 q 2 iq+v y2 (k+ gy2 ^ H ) & P22P1P4 C P12P3P5 fc P^P6 ' 

[1.06] D 8g 5 f ^'iifeMi2 e »fcx^(|-a 12 ) sin( ^ )s . n( fcx a)s . n( t;x ,_ fc ^- fc x < , ) 



fc 2^2 q 2 (g+ ^)2 (fc+9) 2 t Atl2PlP4 fc PllP3P5 t M^P6- l J ' 1J i 

To proceed, perform the change of variables rj — > — (q + rf) in each of these terms, and then 
average the original form and the new forms. Then we may write 

[I Ml + h f)2l — 2rt 5 / frMH 1^12 . rl xqy. ( kx q s kPl v P3 q P4( q+v )P5(k+ q )P6 c - - 

[l.Ulj i" [l.UZJ — Z(/ / ft, ft, Sin(.^-jsm( > -2-J fc 2, ; 2 g 2 {9+ ^)2 (fc+9) 2 fc Pl2PlP4 fc MllP3P5 fc P^P6 

(fcxg) | e ~ i [ fcxr ' <Tl2_fc>< ^ + ^' T22 le^' 7X ' ?_A:X ^ + e i [ fcx (9+ T ?)°"i2- fc X'7 "22] e -|kx (3 +fexg]| 

while the term from [1.06] can be written as 

M 061 ~) 4rt 5 / K 11 „:„ fiXg V.in I k x ? 1 fcP1 , ' P3 ? P4 ('?+'7) P5 ( fc +q) P6 e <r c 

[l.UUj _J <±C/ I ft, ft sin( — jsirn^-j fc V9 2 (<J+l) 2 C=+<?) 2 fc Pl2PlP4 fc AtllP3P5 fc ^P6 

/ e tfcxt ? (i-o-i 2 ) ;;in( . ?7X q-fcx^-fcx^ _|_ e ik x (q+r?) (^2-^)„ in( -^x g +fex^ | _ (5.16) 

By performing the integrals over p 12 and and doing some trigonometry, we can show 
that these are the negatives of each other and so cancel. Denoting r] x q = A, k x q = B and 
k x 7] = C we obtain 

2k X q J j e - *[ fcx ^ 12 ~ fex ( 9 ^ a22 le^ X9 ~* X9 ' _|_ e i[fcx(g+^>i2-fcx?jCT22] e -§[77Xg+A;xg] j 
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C(B + C) 



{_ Ce i(A+B) + C ^(A-B) _ Be L {A -B-2C) + B ^{A-B) 



+(B + C)e-^ A - B ^ - (B + C)e-^ A+B ^ - Be -^B-2C) + Be -i(A+B) j 



8 A s ,B. 45 



cos ( 



A-B-2C, 



A-B s 



cos ( 



(5.17) 



while 



^xiif^-uul^ pxi-txi-txi j _|_ e »fc x (g-12 - 1 ) ^ -3 x g+fc X r, j 



. ,B + C\ . t C-A s 
sin sin 



8 ,C\ 8 

C Sm( 2 )8m( 2 ) + BTc - 2 ' - i 

_ [cos(ffi£) - cos(^)] + -^-^ [cos(^) - cos(^±#+2£ 



45 



C(5 + C) 



COS ( 



A-5-2C, 



.A - B, 



cos 



.5, 



5Tc Sml 2 JSml 2 



(5.1J 



using 2sin(a;) sin(y) = cos(x — y) — cos(x + y). Thus the terms in S proportional to e pup6 
cancel. Now consider the terms in S proportional to e^ up5 , which occur in ()5.10|) . ()5.12|) . and 



[1.03] + [1.04] 



Ag 5 j PP si ^ )sm(f )W^« t x( ?+ ,) £ 



x ^ e 



2 V 2 

i [k x gcr 12 +k x 770-22] Q § [j? X <?+fc x g] 



P12 PI P6 ^M22 P3 P4 ^pfP5 



+ e" 



i[fcxjjo-i2+fcx<j(T22] e 5[-r?X(}+fcX(j+2fcX)7] ' 



[1.05] = -8g 5 / ^4^e ifcX ^-^) S in(^) [sin^f Wgg^Mi 

X ^P11P1P6^M12P3P4^PI / P5 ) 



[1.06] D 8C/ 5 /" fc Wl P 12 e ifeX7 ' ( ^ CT12) sin(2M) S in(^)si I1 ( 



rixq-kxrj-kxq ^ kP1 V P3 <1 P4 (l + V} P5 (k + q) P 6 
2 ' k 2 7j 2 9 2 (ij + rj) 2 (k + 9 ) 2 



^P11P1P6^P12P3P4^A 1 ^P5 - 



(5.19) 



We need not apply the trick that we applied for the s pup6 terms here, and can directly 
evaluate the phases. The phase from [1.03] + [1.04] is evaluated to be 

4£; x (q + rj) J e~*[ fcx ' 3f712+fcx, ' f722 le^' ?x ' ?+fc>< ^ + e~*[ fcxr ' <Tl2+fcx ' 5 " T22 le^ i-vxq+kxq+2kxri] 

Be ^{A+B) _ B ^{A~B-2C) + Ce ±(-A+B+2C) _ ^-i^+B) 



BC 
4 



BC 



A B 
4Csin(-)sin(-) 
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(B + C)e 
,A-B S 



UA+B) 



(B + C )e^~ A+B+2C ^ 



COS I 



.A-B-2C. 
cos ( J 



(5.20) 
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Figure 11: Diagrams [1.07] and [1.08]. Compare with [2.07] and [2.08]. 
while the phase from [1.05] is given by 

_ 8 / e **«<*-» ) S in(^) = -^sin(|)8in(^), (5.21) 

and the phase from [1.06] is given by 

■r, s/ „/i_ , \ X 6 , Cj » , A. B C v 

fXUl-^l^j lXi-txi-tx, ) _ _ sm (_) sm ( ) 

cos ( ) — COS ( 



c 



(5.22) 



Thus the terms in S proportional to e puprj also cancel. 

To summarize thus far, we have shown the cancellation of terms proportional to s pvpb and 
e pupa in S. As in the previous section, this leaves a term proportional to e pupi2 : 

6 . 
S = £[1.0i] = -8p 5 / pifc" 12 e lfcx,,( ^ ffl2) S m(2M) S i n (^) sm (i> 



Xq — fcXTJ — fcxq \ 
2 ^ 

fcPl^3 g P4( g+ ^)P5(fc +9 )P6 /r QO\ 

t A 1 llPlP3 t P4P5P6 t M^A t 12 I^.Z.dj 



1=1 

fcP 

fe'^7 ? V(«+'j)' 1! (fc+?)^ C MHP1P3 C P4P5P6 C M^P12 



Thus, in analogy with the previous section, we now compute the diagrams in figure 11, which 
contain the one-loop vertex correction. Evaluating the diagram with the internal gauge loop 
we obtain 

[1.07] = {ig) 2 (-2ig f j fe^ 1 jfe'w a «m(p 12 ^-k')e"^^ 

c c c „2,.2,2 T) 2 „2 2" I t / J ^2jp J t a3P4/3i c /33P57i c 73P6ai c MliPlct2 c 'Pl2P3P2 

9 3 3 3 P 11 P 12 P 42 

^ I ,p 272 '5 (3) ('?3+r- 1 )5(3)(r3+ S i)5(3)( S 3+gi)<5( 3 )(pii+<72)5( 3 )(Pi2+r-2)<5( 3 '(P42+S2) - (m<-^)- (5.24) 

Set P12 = —?7, (fe = —q, and contract on a%, f3 2 to get: 

[1071 — — Rn 5 / i^ 11 ^12p» fcxT ?(?-°-12) fcPl(fc-^)P2^3 9 P4(q +?; )P5(fc + q)P6 ■ g x g ■ . fc x q ■ . g x g _ fc x ,,-fcx, x 
L A - U 'J _ Sg J H K (3 ^ (fc _^ ) i^^ ( , +r , ) i (fc+?) ^ sm(^)™(^)sm( 5 ) 

71 72 73 r 1 

£ [ £ 'PllP4P3 £ Ml2P57l £: 73P6Pl _ £ 'PlP4P3 £: Pl2P57l £ 73P6Pll ' ^PlP4Ml2 £ P3P57l £ 73P6Pll J 

X (/c — 77)[ At £i/]p 272 

- _fi„5 / jLMH ^.Pl2 Q ifcXr?(i-o- 12 ) fcPl(fc-^)P2^P3 9 P4( g+ ^)P5(fc+q)P6 „ : „ ^x gu . , tx ?u „ / iXj-tx^-tx^ 

°y / ft ft e — Ptfc^j^^T^M^p — sm (— J sin i— J sm (. 2 ) 
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£piiP4P3^73P6Pl 



( £7273 _ £7273 
V M12P5 P5P1I 



P5P12 ) u PlP4p3 



( £7273 _ £7273 A 
V P12P5 P5P12 J 



^73P6A i ll 



+ e 



P12P1P4 



fen - S 1Ze) Wn] (k-v)^ 



'\P2~I2 



]0 5 / k^ 11 k^ 12 Q ikXT l(-~ a ^') kPl(k- V )P2r 1 P3 q P4( q + v )P5(k + q)P6 „ in ( VXQ )r, in ( kXq ^ , V Xq-kX V -kXq ^ 
& I k 2 ik — r]) 2 r/ 2 q 2 (q + r]) 2 (k + q) 2 V 2 ' 2 ' ^ 2 ' 



+ e 



P4P3°P5P6Pl 1 t -plP3P4°P5P6Mll £ Pllplp4^ P5P6P: 



03 

}(k-rj) 



P2P\2 



£ PllP3P4 £ Pl2PlP6 (k V)[p e v]p2p5 "I" £ Pl2PlP4 £ PllP3P5 V) [p £ v]p2p6 } 

2 n 5 / ^Pll l,P12jkXri(4\~0-12) kPl(k- V )P2r 1 P3qP4(q + v )P5(k + q)P6 , x g . , fc x g > ■ / X q- fc X fc X q ^ 

'y / ft ft e Ptfc^j^^T^M^P sm ( — )sm(^-)sin( ^ ) 



-pnpip3 L -p4p. 



5Pe(k V)\p £ v] 



P2P12 



£ Pllp3P4 £ P12Plp6 \k V)[p £ v]p2p5 



' P\2p\p4 L ' P\ 



1P3P5 



P2P6 



5 / L/JllpifcXT?(|-CT12) kPl V P3 q P4(q+ v )P5(k + q)P6 . fgi , . ,tx^,,. f gXg^MjZ^Ma ^ 

' " fc2^^ (9+ ^2 (fc+9) 2 sin( — )sm( — )sm( 5 ) 



£ P11P1P3 £ P4P5P6 



{k X 1]) £ piyp2%Z]) 2 £ P U P12 + £ 'PllP3P4 £ Ml2PlP6 



M12P1P4 



°PllP3P5 



P2P6 



(fc-»7) p 2 fcPl 



JP2P5 



(5.25) 



where we have used (jA.17|) to arrive at the last line. The second term cancels the residual 
piece in S. Notice that unlike the case of [2.07], the right hand side of (jA.17|) again survives 
to create new surface terms with respect to the au integration, which we will deal with after 
we compute [1.08]. 

The calculation of the ghost loop graph [1.08] is very similar to [2.08]. Remembering the 
minus sign for the closed internal fermion loop, and the two sets of contractions for the two 
ghost number flow directions we have 



[1.08] 



{igf{-2igf / k^~k'^5^( Pl 2+v42-k')e 



ipi2-?12 e -2Pl2Xp42 slTi (- glXga Win ftl^ll 



sin ( Vjp. ) sin ( ll±12 )sin ( M±£2 ) 



I ;\3„a„fi „"! a J p \\ l \2 p 42 
(-1) q 1 r 1 s 1 2 a s 2 „2 2 „2 
'3 S3 V \\ V \2 V 42 



Set p 12 
[1.08] 



W'l2) f i£p 1 ip 1 a£ f j, 1 2P3P £ vp2'r S{S) (Pn+?2)<5 (3) (Pi2+r2)<5 (3) (P42+S2) 
{ ( 5C3)(q3+ri)5( 3 )(r-3+si)5f 3 )(s3+9l) + <5 (3) (<?3+si)<5< 3 > (s 3 +n)<5 (3) (r 3 +?i)} - (5.26) 

■rj, and take rx = q in the first contraction, and r 3 = g in the second to obtain 

— fin 5 / ^ 11 ^12 »fcXq(i-0-12) n .^ ,nxq^,; r , ,kxq^„;„ / V Xq-kX V -kXq ^ kPl(k~ V )P2 v P3qP4(q + v )P5(k + q)P6 

°y / K K e sm(^-)sin(^-)sm( 3 ) fc 2 (fc _^2^,l! (9+?)) 2 (fc+9) a 



£ P\\P\Pb £ P\2p3P4 (fc V)[p £ u]p2p5 £ PllPlP4 £ Pl2P3P5 

(fc-77) 

[p e v}p2P6 



(5.27) 



Thus the ghost graph [1.08] cancels the last two terms in [1.07]. Adding these last two 
contributions to S, we can summarize our results thus far as 



EM 

i=l 



5 / tA»ll p ifcX77(i-0-l 2 )/'J. v „\ fcPl (fc-^)P2 ,jP3 9 P4 (q+,,)P5 (fc+q)P6 



X S in(2|9)sin(^)sin( 



&X«\„J_ fqxq-kxi-l-kxq 



) £ PllPlP3 £ P4P5P6 £ PVp2 ■ 



(5.2? 



20 





Figure 12: Diagrams [1.09] and [1.10], which cancel the surface terms generated by [1.07] 
and [1.08]. 

Finally, we must add the contributions shown in figure 12. In anticipation of the result we 
will write [1.09] as follows: 

[1.09] = -(igY(-2ig) 3 J F" 5 (3)(p 32+ p 42 _ fe 0e-^ 32XP42 sin(2i|^)sm(Il^)sm(^)£^ 



p ll p 32 p 42«3 r "3 s 3 



^llPia 2 <5<3) (/'ll+ l J2)£ M p3 / 3 2 £!/p 272 <5 (3) (p32+r2)5 (3) (P42+S2) — ip<r+v) 



tig 5 



ga 3 P4/3i g /3 3 P57i £ 73P6ai' 5(3) (g3+ri)'5 (3) (''3+si)^ 3 )(s3+gi) 2 "2 3 p 2 3 g 2 r 3 2 s ij £ PiiPiQ2 <5(3) (P11+92) 

p ll p 32 p 42 9 3 3 3 

1 

2 [P32P42 £ AtP3/?2 £ l'P272 <5(3) (P32+r2)5 (3) (P42+S2) + PslP42 £ PP272 £ ^P3P2 5(3) (P32+S 2 )<5 (3) (p42+r 2 )J 

-Q*~v), (5.29) 

where we have written the contractions in two equivalent ways in the second line. They 
are equivalent because the contractions of the two commutator gauge field sources into the 
two remaining (i.e. after the contraction from the source on W(k) into an internal vertex 
is fixed) internal vertices are arbitrary: we are averaging again by pre-emptively performing 
the variable change r] — > k — rj in the second term. 

Then choosing q 3 = —q, and P32 = — r\ in the first term, p 42 = — r? in the second, and 
contracting on a^,^,^ we obtain 

[1 nOl _ Ain 5 / jWl fc P l(fc-^) P 2^ P 3.;P4( g+ , 7 )P5(fc + 9 )P6 (VX q v (k Xq V - ( r,Xq-kXr,-kXq s c a l a 2 a 3 c l3lf32f33 



7x7273 P p p p 

fc t 03P4/3l t /33P57l 73P6ai t PllPl"2 



6 2 £ P-P3P2^P272 ^ 2 g PP272^P3P2 

_g 5 / pn fc p i (fe ,) p 2,P3 g P4 (9+ ^) p 5( fc + 9 )P6 ^ ( ^ ) ^ ( ^g ) ^ ( axa = ^ 2L ^ ) ^ ( *^ )e «i°a«a 

p/3iP2P3p7i7273p g £ £ [p p „ _ p „ p 1 

C C c a3P4Pl c P3P57l C 73P6ai C MllPia2 L C M ly P2 C P3P272 C P3P2P2 C P^72j 



BO 5 / ^ ll fcP1 '"7^ )P2 f 3 2<f (g+ ^ 5(fc+ 2 g)P6 sm(^)sin(^)sin C x "- fc $^ fcx '' )sin(^) 

<2' 9 2T2_r a 2/ 3 2T2_r a 2' 3 2T2_r a 2/ 3 2T2l p [p p _ _p _ p 1 

'5P6P4 P5P4P6 P6P5P4 P4P6P5 c MllPia2 L c P-l y P2 c P3P272 c P3P2P2 c P^72j 

— 8(7 5 / fc P l(fc-?7) P 2?7 P 3q P 4(<;+17)P5(fc + g)P6 ■ /tj X 9 V ■ / fc X g s ■ , 3 X q-k X y-k X q N ■ , k X r, > 

°9 J K fc 2 (fe _, ;) 2 tr V (9+t)) 2 (fc+g) 2 sm(^-)sin( — )sm( 5 )sm( — ) 

{^/J^P2 [ g PHPlP5^P3P6P4 £ 'PllPlP5' g P3P4P6 ^PllPiP6 ^P3P5P4 ^PllPlP4^P3P6P5] 
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[ £ '/JllPlP5 e P3P6P2 £ A t ^P4 £ PllPlP5 £ P3P4P2 £ P^P6 £ PllPlP6 £ P3P5P2 £ PVPA 

~ £ P\\p\pA £ P3P6P2 £ pvp5 ] } 

— —Rn 5 / fr**U fc P1 (k- V )P2 V P3 q P4.( q+v )P5 (k + q)P6 { VXqy- ( kX Q) - ( V Xq-kX V -kXq s ■ , kxy, 

°y J K kHk-^n'iq^q+^Hk + q)^ S1I H — Mil ( ^- )sm ( 2 )^( — ) 

{^pup2 £ PllPlPo £ P3P6P4 "I" £ PVP2 £ PllPlP3 £ PAP5P6 £ P"PA £ P\\P\P2 £ P3P5P6 

+ ^p^P6^PllPlP5 £ P2P3P4 + £ ^p5 £ P^UplP^ p2p3P&) 

— _ S/1 5 / frMU fcPl(fc-t 7 ) P2 '7 P 3g P4 (g+'7) P 5(fc + g) P 6 ■ -IXju /fcXq v . / IXj-tXI-tX^ ■ ftX^ 

°9 J K ^(fc-, ; )V^(<7+^(fc+ 9 ) a sm(Y)sin(^-)sm( 5 )sin(^-) 

{ £ 7t^p2^11PlP3^P4P5P6 "I" £ PVP3 £ PllPlP5 £ P2P6PA "I" £ P"PA £ pwpxprfi p2p3Pb 
+ £ 'pupA^ PllPlP2 £ P3P5P6 + £ -^^P5 £: /illPlP4 £ P2P3P6} 

°y J ^ k 2 (k _ v) 2 v 2 q 2 {q+Jl) 2 (k+q) 2 bm(^-)sin( — )sm ( - 2 )sin( — ) 

{ £ 7tZ/p2 £ 'p;ilplP3^P4P5P6 £ PVP3 £ P\\P1P2 £ PAPSpf, £ pvp3 £ P-\\PXPf£ P2P5PA 

+ £ pupA^ PllPlP6 £ P2P3P5 e PVpS,^ PllPlPA e P2P3P&} 1 (5.30) 

where we have repeatedly applied (jA.13|) in conjunction with the following momentum iden- 
tity: 

e P2P5P6 (k " V) p2 (q + V) p5 (k + qT = 0. (5.31) 

Finally we compute the ghost graph [1.10] paired with [1.09], and show that it cancels the 
last three terms in 1)5.30}) : 



[1.10] = +{igf{-2igf I P^^+^-fcOe"^ 32 ^ 42 ^^)^ 

Pi P'3 Pi 

X 2 2 2 Pl 2 lP 2 2P 2 2 £p 11 pia£pp3P £ vp21 Si3) (Pll+92)<5< 3 > ( P 32+r 2 )5( 3 > (P42+S 2 ) 
q 3 3 3 p ll p 12 p 42 

X [5( 3 )( Q3 +ri)«( 3 )(r3+si)5( 3 )( S3 +9i) + (q 3 + Sl )S^ (s 3 + ri )5^ (r 3+qi )} - Qt+*v) 

= -Aig 5 f F 11 ( P32+P42 - k ')e-^ P32 xp42 sm (^)sin (^a)rin (^) ^feP 

J 9 3 r 3 s 3 p ll 
\ P3 P2 

£[l liP1 aS ( ' A) {Pll+<l2) \ ^f- £ pP3P £ ^P2-y S{3) (P32+r2)S^HpA2+S 2 ) 



<5 (3) (93+ri )<5< 3 > (r 3 + Sl )«5< 3 ) (s 3 + gi ) 



PI P3 

+ ^^eW2~t £ vp 3 f3t {3) (P32+S2)SW( P A2+r2) X 
' 32' 42 



X 



+ <5< 3 > (g 3 +si)<5( 3 ) ( S3 + ri )8W (r 3 +qi) 

5 (3) (93+ri)<5 (3) (r 3 +si)<5< 3 ) (s 3 +gi) + +<5 (3) (</3+si)<5 (3) (s 3 +ri)<5 (3) (r 3 +?i) 



}-(m~«0, (5.32) 



where again we have written each of the terms in the first line in two different ways, and 
averaged their contributions. Thus for the first two terms take = —77, and for the second 
two P42 = —77. Furthermore take r± — q for the first and third terms, and r% = q for the 
second and fourth terms. Then we have 



[1.10] = 4i 9 *J fc W1 sin(^)sin(^)Bin( ^-*r-*^ 
J x ?y r j 

| e2 [ £ P11P1P6 £ 'PP3P4^P2P5 £ PAl P lp4 £ p>p3p5 £ vP2Pe\ 



( 9 +?7) p 5(fc+<;) p 6 
(fe+9) 2 
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Rfl 5 / P'Hn f ''XgVin r fcx ^Vin ( 1 x 1- kx 1- kx 1 V\„ ( kXr,, kPl{k-T,)P2r,PAqPi{q+r ] )P r o(k + q)P(i 

og J K e,m(^-)sin(^->m( 3 Jsin (—J fc :i( fc -^) V 9 2 ( 9+I7 )% +9 ) 2 

{^PllPlPe [ £ P5P2^PP3P4 _ £ P5P2P £ ^P3P4] + £ PllPlP4 [ £ P6P2l' £ PP3P5 _ ^ PdP2P S "P3P5 ] } 

Sn 5 / ^ Mii ^ti ^xgy^r, r fcx ^^iri r ^ x ^- fcx ^- fcx ^ v.in f fcx ^^ fcP1(fc r^ )P2 ' ;P3 . gP4( ' ;+,7 j P5(fc+g)P6 

°g J ^ sm(^-)sin(^-)sm( 3 fe :2(fc-^) V 9 2 ( 9+J)) 2^ +9) 2 

{ £ A«llPlP6 [ £ P2P3P5 £ PJ'P4 + ^P2P5P4^P^P3] £ PllPlP4 £ P2P3P6 £ P"P5 } J (5.33) 



where we have used ()A.14|) and the momentum identity (|5.31|) . Thus the sum of the diagrams 
in figure 12 is given by 



10 
I 

i=9 



Vfl.il = -8q 5 / fcP1 V> p y3^ + < 5 < fc y 

i- — !<■ 1 J k J (k-ri)< ! r)< ! q< ! (q+r])< ! (k + q)< ! v 2 ' \ 2 i \ 2 / V 2 ' 

\£ pvp2 e Pl\P\P3 e P1P5P6 + £ HVp3 £ HllPlp2 £ P4pSPe} ■ (5.34) 



It turns out that the two terms in brackets are the same. To see this make the following 
changes of variables in the second term: 77 — > k — rj, and q — > — (fc + g). We obtain the 
identity 

Hn f fc Xt) Vin f lXi Vin r lX j-tX.)-tX^ ■ ( kXq s kPi- (k- V )P2 r,P3 qP4 (q + v )PS ( k + q )P(i g _ _ 

sin (, — jsin ( — )sm ( 5 jsm ( — ) fc 2 (fc _^ ) 2^2 q 2 (g+t)) 2 (fc+9) 2 fc P^p3 fc PllPlP2 fc P4P5P6 

P6- 

(5.35) 



fain (, — jsin ( j )sin ( — jsm ( — ) k 2 {k ^ v) 2 v 2 q 2 {q+rl) 2 (k+q) 2 fc P^P2 fc PllPlP3 fc P4P5P6 



Thus comparing with ([5.28)1 . we obtain finally 
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i=9 



Vfl.il = -160 5 / kP Hk-,)P2vP3qPHq + Vp(k + q)Pe s . Q ( ^ ^ ( fcXq )sin { V X q - k X V - k X q ^ ^ 



X £ HVp2 £ piipiP3 £ P4P5P6 



= -EM, (5-36) 

1=1 

after performing the trivial 012 integration in ([5.28)1 . That is 

10 

£M = 0. (5.37) 

Except for the two-loop propagator corrections, this completes the contributions from 0(g) 
terms in W(k) to the correlator (W (k)0 ^(k')) . The set of one-particle irreducible diagrams 
contributing to the two-loop propagator corrections which do not themselves contain one- 
loop propagator corrections within them are shown in figure 13. Each of these graphs will 
have the same noncommutative phases and propagators, and we will demonstrate that the 
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Figure 13: Intrinsically two-loop, one-particle irreducible propagator correction contributions 
to (W '(k)0 ftuik')) . Diagrams [1.11]-[1. 14] respectively. 

tensor algebra arranges a cancellation amongst them. This does not depend on the Wilson 
line structure, and in particular on the identity (jA.17|) that has been involved throughout 
these computations thus far. 

The most complicated is the pure gauge loop, diagram [1.11]: 



[1.11] = (ig)(-2ig) 4 J F 11 5( 3 )(p 4 2-fc0sin(^)sm(I^)sm(^^)sin(^)£ Qia2a3 e /3l/32/33 

fc c -2 -i 'i-i-z-i-2 I 6 F42; ^jtjy p 7 5 2 t^ 11 p lQ , 2 t Q , 1 p 473 t Q , 3 pg/3 1 t / 3 2 p g72 t/3 3 p 2 5 1 

p U p 42'l*3 2 3 1 

£ 7iP3<5 3 5( 3 >(pii+ g2 )5( 3 >(p42+t2)5 (3) (gi+S3)^^ (5.38) 

Setting S3 = q, and s\ = r), and contracting on ai,/?i,7i, and 5\ we obtain 

[1 111 — Ifi/, 5 / j^ll- ( kxq v - ( VXq-kXy-kXq s ■ ■ , kxy s (k- V )P2r,P3 q P4 (q+ v )P5 (k + q)P6 Ic?? 

[l.llj - j sin( — )sin( 2 )sm( _ )sln( _ ) fc2(fc _^V 9 2 ((?+I)) 2 (fc+9) 2 fc 2 

xA;^ [2£p 11 p 1 p 4 £ ! /p 7 p 6 £p 2 p 5 p 3 + 2£p 11 p 1 p 4 e !/ p 7 p 2 £p 3 p 5 p 6 + 2£p 11 p 1 p 3 e I/ p 7 p 2 £p 6 p 5 p 4 

~l~ (^MllPlp3^P7P6 £ P4P5p2 ^PllPlP2^^P7P4^P6P5P3)] ~~ (A 1 *-*") 

— S9n 5 / ^ 11 ^ti f fcx iVi r nxg-fcx.j-fcxqr .,. f^Vin ^Xr,s fcPl(fc-t?)P2 t; P3 g P4( g + ^)P5(fc + q)P6fcP7 

- JZg J K Sm (_j S m( j )sm( — (SIIH^-) fe 2( fc -^)2 t; 2 9 2 (q+I)) 2 (fc+g) 2 fc 2 

X ^ [^pilpip 4 ^^P7P6^P2P5P3 ^PllPlP5 £ ^P7P 2 ^P4P6P 3 ] ~ (^ v ) 1 (5.39) 

where in addition to ()A.14|) and (|5.31|) . we have used 

e P3P4P5 V P3 q P4 (q + v) P5 = 0, (5.40) 

and changed variables r\ — > k — rj,q — > — (/c + g) in the last term on the first line to cancel 
the penultimate term there. Diagram [1.12] is given by 

\ 4 I h^ 1 *(3) f„„ U\„;„ (SUm \~:~ , n xr 2 , ■ ,£lX£2 N„:„ ( H X t 2 ■. ^1 &2 &3 ?S P 42 r 2 2 S 2 3 ' 3 



[1.12] = -ig(-2igY / P" 5 (3) (p42 ^ fc0sin( 2i|^ )sin( ^ )sin( £i|£2 )sin( £ 1 |i2 ) ^ ; 2 - 2 - 

J P 11 P 42' 2 S 2 9 3 3 3 

<5 (3) (s 2 +t 3 ) [5 (3) (g3+ri)<5( 3 '(r 3 +si)5( 3 )(s3+gi) + <5( 3 > (<? 3 +si)<5 (3) («3+n)5 (3) (r 3 +gi)] . (5-41) 
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In the first term set S2 = rj, S3 = q, and in the second set S2 = g, S\ = q. Then contract on 
8% to obtain: 



[1.12] = -16/ j /^ 1 s i n(^)sin r x^^r- fc ^ )sin(^)sin(^) ' fc2(fc _^ W(g+t?)2(fc+g)2fc2 
X ^/l [^UnpxpA {&Vp7p(fi P5P3P2 ~~ £vp7P2^ P5P3Pe) £ M11P1P6 £ P4, P 3p2 £ Up7Ps] ~ (f J, *~* V ) 



^X(|-tX1-tX^ „.. ^Xg s „ ; „ ^ fc X g N fcPl (fc - ^) p 2 »)P3 qPA (q+n)P5 (k + q)J fcP7 

k' 2 (k--q) 2 r) 2 q 2 (q + r)) 2 {k + q) 2 k 2 



= -32/ y F 11 sin(^)sin(2^^^)sin(^)sin(^)^ 

Xkp£pilplp4 [^Vp7pe^p5P3P2 ~ £vp7p2& P5p3P6\ ~~ (^ v ) 1 (5-42) 

where we have used (|A.14j) several times in conjunction with (|5.40jl . and 

£pi P2P3 k pi (k - rj)^ = e piP4P(i k pl q p4 (k + g)" = 0. (5.43) 
Diagram [1.13] evaluates similarly: 



[1.13] = ~ig(-2ig) 4 / k^ 1 ^( s )(p 4 2-k')sin(^^) S inC-^)sm(^^)sin( t -l^)e 



PI P7 P2 P3 3 



(-z) 3 tf 2 rf 2 sf (-T^)^]^^^ 

5 (3) (s2+g 3 ) [5 (3) (r 3 +si)5( 3 )(s 3 +ti)<5( 3 )(i 3 +ri) + <5< 3 > (r 3 +*i)<5 (3) (t 3 +si)<5 (3) (s 3 +n)] . (5.44) 

Take T2 = q, T\ = r] in the first term, and t2 = q, rs = g in the second, and contract on a\ to 
get 

M lOl _ 1R„5 / ^H„ in r fcx< ?y;Ti f^Vin / ix g -tx^-tx n „ ■ /fcX»7N kPl(k-r,)P2,f3qPi( q +- n )Pb{k + q)Pr,kP7 

[l.lOj - LOg J K sm ( — ) sm ( — ) sm ( 5 ) sm (— ) k^F^Wt^Tf^W^ 

fcjU [ £ PllPlP 3 £ l'p7P2 £: P5P6P4 _ £ PllPlP4 £ vP7p2 £ P5P6P3 ^ P\\P\Pr£v P7 P3^ P2Pe,Pi\ ~ (p^ v ) 

— 1fi(7 5 / P'^in r fcx g Vin f^Vin f lXj-tx^-tx^ . r fcx» M fc p l(fc-»)) p 2, ) P 39 P4(q +t ,)P5(fc +g )P6fcP7 

— lOg J H Sla{ — )sm{ — )sm( . )sm(^-j k 2 { k~r,) 2 r, 2 q 2 (q+ n ) 2 (k+q) 2 k 2 

X ^( [^I^P7P2 £: PllPlP5 £ P 3 P6P4 + £ ^P7P 3 £ PllPlP5 £ 'P2P6P4] ~~ d** - *") 

— _^9fl 5 / P"-i„ r^^. (VXqs- ( VXq-kXy-kXq v . , fc X s ^Pl (fc -.?)P2 ,)P3 g P4 ( 9+?7 )P5 (fc + g )P6 fcP7 

OZC/ y ft Sm (_) sm (-^-jsm( j ) sm ( — ) fc 2 (fc _ t;) 2 t) 2 9 2 (9+ ^ ) 2 (fe+g) 2 fe 2 

x k[ fJi s u jp 7 p 2 e p llPlP5 £ p 3 p4p 6 ■ (5.45) 
This leaves finally the ghost loop [1.14]: 



a i ~ Pi P7 P5 -4 

[1.14] = -ig{~2ig) A / fc""g(3 )(p42 _ fc>n (^sin (^)sin (^)sin ) /ij P *ff 2 ' 2 

J Pll p 42 r 2 9 3 3 3 3 

{-W^ipe^p^e^p^ep^^-iYq^r^sftl 2 < 5(3)( P42+42 )5(3)(p 11+g2 ) (5 (3) (r2+S2) 

X [ < 5(3)(g3+ ri )5(3)( r3+ t 1 )5(3)( t 3 +Sl )5( 3 )( S3 + (? i) + <5( 3 ) fa 3 +Si)«S( 3 ) ( S3+tl ) 5 (3) (tg+n)^) ( r3+(?1 )] . 

(5.46) 

Taking S\ = 77, S3 = q in the first term, and Si = q, S3 = 77 in the second term, we obtain 

[1.14J - log J H sm ( — ) sm{ )sln( _ )sm( _ ) fc2(fc _^ )Vg2(9+t))2(fe+g)2fe2 

XK /i [^pilpip4 £ 'P6P5P3 £ ^P7P2 "I" £ PHPlP6^P2p5P4^1 / P7P 3 ] ~~ {P>^ v ) 
— — S?(7 5 / P"-illf fcXl 'V:il 1 ( V-Xq-kXy-kXq , ■ (VXqs ■ , k X V ■< kPl (k- V )P2 r,P3 qP4 (q +rl )P5 (k + q)P6 kP7 

6Z 9 J K sm( — )sin( - 2 )sin( — )sm( — ) k ^ k _ r ,y2 r ,i q -2 iq+v y2 (k+q) '2 k '2 

X ^[p^HP7P2 £ 'PllPlP4 e P6P5P3 ' (5-47) 
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using (|A.14|) repeatedly, or equivalently changing variables 77 — > (k — rj), q — > — (k + q) in the 
second term, which again effectively interchanges the P2 *-> P3 and p^ <->• p6 indices. 
Comparing the results from [1.11] — [1.14], we see that 

£[li]=0. (5.48) 

i=n 

The remaining contributions to the two-loop propagator all involve the linearly divergent one- 
loop corrections to the gauge or ghost propagator as subgraphs, and either formally cancel 
pairwise or vanish, or need to be carefully regulated as per our discussion in section 2, and 
that in ^3] . As discussed in the latter, the tensor structure and the momentum dependence 
of the propagators are not modified by their one-loop corrections. Thus the presence of them 
as subgraphs in the remaining two-loop graphs, will essentially reduce these two-loop graphs 
to the one-loop propagator correction case. Since the one-loop corrections to the propagator 
occurred in our calculation as a quantum correction to the single nonvanishing graph at tree- 
level that reflects the equivalence between the commutative and noncommutative theories, 
and the net effect of these corrections to our calculation was to induce a harmless finite 
renormalization to the Seiberg-Witten map itself (if the equivalence is to be maintained), 
any such effect at two-loops can be similarly absorbed into a two-loop renormalization of 
Seiberg-Witten map. We will not consider them further here. 

To summarize this section, we conclude that the sum of the 0(g) contributions from W(k) 
to the correlator (W (k)0 ^ u (k')) at 0(g 5 ) vanishes. 

6 Discussion and Conclusions 

To summarize the results from sections 3 to 5, we have demonstrated the complete cancel- 
lation amongst all of the order g 5 contributions to the correlator (W (k)0 ^ v (k')) . Thus far 
our discussion has been almost entirely formal to keep the calculations and the cancellations 
transparent, and so let us now discuss the issue of regularization. In jT^j we showed that a 
point-splitting regulator separating gauge field sources on the Wilson lines or the gauge fields 
of the field strength commutator, and natural ^H] from the point of view of the computation 
of disk amplitudes in string theory where noncommutative gauge theory in spacetime arises 
from a point-splitting regularization of operators on the worldsheet boundary [3], was suffi- 
cient to regularize the divergences arising from the graphs studied therein. Specifically, the 
path parameter integrations along the Wilson lines had their integration ranges restricted 
so that operators were never closer than ek together. The operators making up the commu- 
tator in the field strength were similarly separated from each other, and in the case of one 
graph, from an operator along the path-ordered exponential part of O fJiU (k). In the naive 
limit e — > 0, the unregularized composite operators are recovered. The essential effect of this 
regulator is to ensure that the noncommutative phases do not vanish in each graph: putative 
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planar components that are superficially divergent are regulated by noncommutative phases 
of the form e Mefcxp , where p is a loop momentum, and a is some half-integer. It has the 
explicit advantage of not modifying the propagators or vertices, and so the tensor algebra 
in each of the graphs is unaltered. The expense paid is that the noncommutative phases be- 
tween graphs become somewhat complicated relative to each other, and graphs that formally 
cancel now differ by terms of order e. Furthermore, it obviously cannot regulate divergences 
coming from graphs with loops that are internal (i.e. do not connect to the Wilson lines 
themselves). 

This regulator can be naturally extended to the case where there are three or more sources 
along W(k), as well as the case where there are two sources on O pu {k') in addition to those 
from the commutator. For example we take 

Jo An f" 1 da 2 A(x+Z(a 1 ))*A(x+Z(a 2 ))*A(x)*e tk - x ^f*~ e dm f^ 1 '* da2A(x+Z(a 1 ))*A(x+Z(a 2 ))*A(x)*e tk - x , (6.1) 

where both upper and lower limits of integration are modified because of (jl.fijl . and the 
cyclicity property of the star product under the integration over spacetime. As long as the 
operators are separated along the Wilson lines, a nonvanishing noncommutative phase will 
protect loop momenta integrations associated with gauge sources along W(k) or O^(k') 
carrying those momenta. 

It should be clear that the computations in [3.01] — [3.02], and [2.01] — [2.03], being es- 
sentially identical to those in |15j . will go through rigourously with this regulator. The 
graphs [2.04] — [2.06], which are crossings of those in [2.01] — [2.03], should also be made 
rigourously finite, so that we can legitimately sum those contributions and apply (|A.17|) . 
The q integration in that sum is finite by power counting since £ PiP5P6 q pA {q + i]) p5 (k + q) p(> 
is linear in q, and the (subsequent) rj integration is protected by a nonvanishing noncom- 
mutative phase with the regulator applied. On the other hand, [2.07] and [2.08] contain, in 
addition, logarithmically divergent terms with respect to the q integration: the integration 
associated with the internal loop in those graphs. As discussed above, these graphs, which 
contain the one-loop vertex corrections as subgraphs, need to be regulated separately. The 
similarity between graphs [2.06] and [2.07] however, suggests the existence of a regulator 
which would retain the compatibility between [2.04] — [2.06] and [2.07] — [2.08], and make the 
final cancellation with Si= 4 [2i] more rigourous. Specifically we might regulate [2.07] — [2.08] 
by point-splitting the fields in the internal noncommutative vertices. Then, phases which 
combine to produce planar, phase-independent pieces would be supplemented by additional, 
e dependent phases which survive to regulate the momentum integrals. It would be interest- 
ing to carry out this construction, as it might have wider applicability to noncommutative 
field theories in general: the standard commutative divergences that survive as the planar 
pieces of noncommutative graphs might be controlled in a way analogous their nonplanar 
counterparts. 

Presumably, the graphs [1.01] — [1.06] are also made rigourously finite by the extension 
of the point-splitting regulator. However, in order to exhibit the intricate cancellations that 
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we found amongst them, we found it necessary to explicitly evaluate their path parameter 
integrations, and perform some trigonometric gymnastics with the unregulated phases. It is 
less obvious therefore, that the cancellations found there will be automatically preserved by 
careful application of this regulator. It is possible that identities involving * n products [T7tlT8] 
might simplify this computation, since the complication of having to evaluate these integrals 
to find the cancellations arises intrinsically from the higher order expansion of the Wilson 
lines. Finally, the graphs [1.07] — [1.10] are similar to [2.07] — [2.08] 5 in that they also contain 
the one-loop vertex correction graphs as subgraphs, and so once the latter are properly 
regularized, the former will be too. 

Let us now consider the possible generalization of our results to higher orders. Clearly, 
proceeding as we have done to higher orders, even formally, would quickly become prohibitive. 
However, our calculations here in conjunction with those in jj2> strongly suggest that the 
cancellation of quantum corrections to the correlator holds at any order in perturbation 
theory, and that the mechanisms which enforce such cancellations are already present at the 
orders we have studied. Specifically, we have found that we can organize the calculation 
according to the number of sources on the pure Wilson line W(k). Our work suggests that 
it is sufficient to consider the simpler correlators at 0(g 2n ~ r ) given by 

I m \ m 

(U~ kmA m(Pu)0^(k'))5^(J2PiJ- k ) > rn=l...n. (6.2) 

\i=l / j=l 

Moreover, we have seen that the identity (|A.17|) . 

fc« = {kx C)e, up C p , (6.3) 

lies at the heart of all of the cancellations, and allows us to compare graphs with different 
number of propagators. The first term on the left hand side arises from graphs that involve 
the derivative term in the field strength, while the second arises from the commutator term, 
and is associated with similar graphs with one less propagator and vertex. The right hand 
side yields a surface term with respect to a path parameter integration in Op, u (k'), and is 
also associated with a graph involving the field strength commutator, but with one more 
propagator and with one less source from the path-ordered exponential part of O pu {k'). 

These observations suggest how to find the cancellations at a given order 0{g 2n ~ 1 ). Con- 
sider any graph with i < n sources on W(k), j < n sources on the path-ordered exponential 
component of O llv {k') (henceforth denoted W2), and the one source from the derivative term 
in the field strength. Call this graph I, and fix % for the remainder of this discussion. To 
graph I is always paired a graph also with sources on W(k) and W2 respectively, but 
with two sources from the field strength commutator, one less vertex, one less propagator 
and otherwise identical to I. Call this graph II. Colloquially, we can think of forming it 

5 Certainly it would be surprising if the cancellation we found between [1.07] — [1.08] and [1.09] — [1-10] 
did not hold rigourously, since this directly generalizes the one-loop cancellation. 
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from graph I by collapsing the propagator joining the field strength derivative term with 
an internal vertex, into the field strength insertion, and removing the vertex. The other 
two propagators entering into the internal vertex now connect directly to the field strength 
commutator (and the two ways of doing this compensate for the sinusoidal phase that we 
lose by removing the vertex). To each pair of such graphs, we apply (|A.17|) . In the case 
where j = 0, the right hand side is zero and we are done. Otherwise build graph III, formed 
from graph I by 'curling' one of the sources on W 2 into the field strength insertion (see 
[2.01] — > [2.03] for example). In doing so, we lose a path parameter integration and source 
along W 2) so j — > j — 1, and contract with the field strength commutator as opposed to the 
field strength derivative. In the i = 1, j = 1 case studied in [T5] . and in the i = 2, j = 1 case 
in [2.01] — [2.03], this provides the right hand side of ()A.17j) . and hence a cancellation with 
graphs I and II. 

Otherwise we have to consider the set of graphs {la, lb, ...} with fixed i and j, and their 
partners {Ila, 116, ...}. We then build all of the graphs III which can be formed from the I's 
by curling a source on W% into the field strength to obtain a graph with — 1) sources 
on W(k) and Wi respectively, but with the same number of propagators, as in [1.05] and 
[1.06]. These will cancel all of the I and II pairs via (lA~T7l) . but as we saw in [2.06] and 
[1.06], will generally leave residual terms proportional to s^^.k^ . These will occur in the 
graphs III where the propagators from the field strength commutator sources connect to 
distinct vertices. To each such graph, we then invert the process we used in forming II from 
I, inserting a propagator which joins the derivative term in the field strength to a new vertex, 
and creating an internal loop in the process to form a new graph. Thus, for example, we 
obtain [2.07] and [1.07] from [2.06] and [1.06]. Applying (jA.17|) to the terms proportional to 
C[/j,£u]paiJ,ii m these new graphs, we cancel the aforementioned residual pieces, but generate 
new surface terms from the right hand side of (jA.17|) . if C depends on a loop momentum, or 
equivalently if j > 0, while the ghost graph cancels the terms not proportional to C[ fM e u ] PaPij . 
Treating this new graph as one of type I, we then iterate the process of curling a source on 
W 2 into the field strength insertion, and create a new graph of type III, thereby reducing 
j further. Thus we obtain [1.09] from [1.07]. 6 This process terminates when j = 0, since 
C = k in ()A.17j) and the right hand side vanishes. 

Thus far this discussion has been essentially independent of the other structure that might 
be present in the graphs, because the cancellations we found primarily occur between the 
derivative (plus noncommutative Chern-Simons vertex) and commutator terms in the field 
strength, in conjunction with the Wilson line expansion and the noncommutative phases 
it generates. Chern-Simons theory is such that quantum corrections to the correlators of 
the basic fields, and the one-particle irreducible functions are essentially trivial. While this 
has been explored in a covariant gauge at only one-loop in the noncommutative case (see 

6 Alternatively note that [1.07] and [1.09], along with [1.06], are like the graphs we considered in ^5], with 
one-loop vertex corrections in place of the vertex itself. Thus by reducing j, we are really setting up a form 
of induction. 
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fUlEOj for example), and partially at two-loops here, there is no reason as yet to suspect that 
the well-known commutative results at higher orders do not extend to the noncommutative 
case. (See however for axial gauge results involving basic fields in noncommutative 

Chern-Simons theory.) If we assume this to be true, then we expect to be able to effectively 
neglect or reduce the internal loops in our graphs, and apply the above arguments to the ones 
whose loops are formed solely with the Wilson line noncommutative structure to establish 
cancellations at an arbitrary order. 

To conclude, we have explicitly shown that the order g 5 , two-loop quantum corrections to 
the correlator of a open Wilson line W(k), and an open Wilson line with a field strength inser- 
tion Ofj, v (k') in noncommutative Chern-Simons theory cancel amongst themselves. This lends 
further support to the conjecture that noncommutative and commutative Chern-Simons the- 
ories are perturbatively equivalent. It would be interesting both to employ the regulator 
introduced in [TH] and extended above to make the results presented here rigourous, as well 
as make explicit the heuristic argument just discussed to establish an all-orders result at 
least formally. We have focussed on (W (k)0 '^{k')) because it is the simplest nontrivial 
correlator of composite, gauge-invariant objects, but it would also be interesting to examine 
other correlators at higher orders in the theory, such as the pure three point function of open 
Wilson lines (W(ki)W(k2)W(k^)) we studied at the lowest nontrivial order in [TH] . Here the 
metric independence of the non-gauge fixed theory does not forbid nontrivial dependence on 
ki x &2, but equivalence with the commutative theory does; a preliminary investigation into 
the correlator at 0(g 6 ) has not revealed an obvious set of complete cancellations. Most im- 
portantly however, the equivalence or inequivalence of the two theories at a nonperturbative 
level needs to be established. 
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Appendix A. Conventions and Feynman rules 

The action of noncommutative Chern-Simons theory in terms of a canonically normalized 
gauge field is given by 




■V 



(A.l) 



while the standard (noncommutative) ghost action is given by 




(A.2) 
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where D^c) = d^c — ig (A^ * c — c* A^). Our Fourier transform convention is 

A,(x) = / ^ e~ ik *A,(k). (A.3) 

We use the standard covariant gauge-fixing term proportional to (d ■ A) 2 and then take the 
Landau gauge, which is known to be infrared safe, at least in perturbative commutative 
Chern-Simons theory. 

Our path ordering convention (with respect to the star product) for the open Wilson lines 
puts larger path parameter values on the left: 



P*exp 



ig £ dak"A^(x + ^{a)) = 1 + ig £ da&A^x + £(<7i)) 



+ (ig) 2 £da 1 £da 2 k^A^x + £(<7i)) * k^A^x + £(cr 2 )) + 0(g 3 ), (A.4) 

where £f = = k^ai = k„9 UfM ai. In the expansion of the pure open Wilson line, one of 

the path integrations at each order is redundant, so that we will use for example the fact 
that 

/ d 3 x f 1 da x r da 2 (kO) ■ A(x + f (<n)) * (k6) ■ A(x + f (<r 2 )) * e lk ' x 
J Jo Jo 

= ^Jd 3 x da (kO) ■ A(x + f (<r)) * (k6) ■ A(x) * e thx . (A.5) 

Since we always work in momentum space, the following identities, which use the momentum 
and index conventions discussed in section 2, will be useful for our calculations: 



* e lk ' x 



J d 3 x dan J o da 21 A mi (x + C(^n)) * Am (x + £(<t 2 i)) 
fo d(Xl I ^^^ ^ 

J d 3 x J da 12 J 12 da 22 A„ l2 (x + £(<t 12 )) * A^ 22 (x + £(<r 22 )) * d^A u (x) * e ik '- 2 

id? Pi 

(27T) 



= f da l2 r da 22 [ ***f»fp* 5( 3 Wp22+p42 _ fe , } e -,[(,'x Pl2 ). 12+ ( fe 'x P22 ). 22] 

JO JO J Z7T r 



X 



e-fb 22 x( P42 - fe ')-P4 2 x fe '] ( _ ip42) ^^ (pi2) ^ 22(p22) ^ (p42)) (AJ) 



Ak'-x 



J d 3 x J da 12 da 22 A^ 12 (x + ^(a 12 )) * A^ 22 (x + £(<7 22 )) * A^(x) * A v (x) * e l 
( l da l2 r 2 da 22 [ e -P'x Pl2 )^ + (^x P22)CT22 ] 

JO JO J (z7Tj y 

Xe^^^-^ 2 *^^ (A _ g) 
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where kxp=k9-p=k-p = k^9^ u p v . 

The momentum space Feynman rules for the gauge field and ghost propagators respectively 
are 

p, /iv/wwwwvg, v = (2n) 3 5 {3 \p + q)e ppi/ — (A.9) 

p > q = (2Tif5^\p + q)\, (A. 10) 

while the Feynman rules for the triple gauge, and the ghost-antighost-gauge vertices are 
given respectively by 




-2z^ 3 )(]>»sin (^P) (A.11) 



qi,oti q 3 ,a 3 



" <V - = -2z^)(E^)sm(^)(-^r, (A.12) 

where the momentum gx appearing in the latter rule is associated with the antighost. 
We will extensively use the following identities involving the antisymmetric tensor: 

£ £«cd = Mr> - d D d c = d CD - 6 DC (A. 13) 

£ABC £ DEF = & ABD^CEF ~\~ ^ABE^CFD ~\~ ^ABF^CDEi (A- 14) 

the second of which yields 

£ papb[p £ v]pcPij = e pVpc e PijPapb ~ £ P^Pij £ Pa PbPc ' (A. 15) 

Contracting with two factors of fc w gives 

ZppaPitvpcPjk^k 112 — (fj, <-> v) = s^ utJii e HPaPc k^k^ . (A. 16) 

Finally, the central identity that underlies most of the cancellations between Feynman dia- 
grams we will exhibit is given by 

C p C[i 1 £ v \pn i + £pupiC 2 k^ 1 = {k x C)s pup C p . (A. 17) 
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